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Foreword 


"Work on the present textbook was jointly initiated by. the National Council of 
Educational Research and Training (NCERT) and the Central Board of Secondary 
Education (CBSE) in March 1985. The authors developed draft materials under 
the guidance of Prof. Mohan Lal, Convener of the group. A National Seminar- 
cum-Workshop was organised in June 1985 to review the draft textual materials 
with a view to provide suggestions for improving the materials. The authors revised 
their textual content in the light of the suggestions made during the Workshop, 


The present textbook is the outcome of these efforts. 


The National Council is thankful to the Central Board of Secondary Education, 
particularly to the Chairman, Fr. T.V. Kunnunkal, and the Director (Academic), 
Dr. K.D. Sharma, for initiating the process of curriculum and textbook revision in 
mathematics, for providing inputs—both expertise and materials—to the National 
Seminar-cum-Workshop, and for active collaboration throughout the development of this 
new textbook. My special thanks are due to the Convener, Prof. Mohan Lal, and other 
members of the CBSE Committee of Courses in Mathematics. 1 must also express my 
thanks to Prof. A.K. Jalaluddin, Joint Director, NCERT and to Prof. B. Ganguly, Head 
of the Department of Education in Science and Mathematics, NCERT, who have borne 
much of the burden in organising the revision of the new science and mathematics syllabi 
and the preparation of the textbooks. I am grateful to the authors of this book for pre- 
paring and finalising the draft chapters on the basis of the suggestions received. 


My appreciation and thanks are due also to Prof. K.V. Rao, Prof. S.C. Das, Shri 
G.S. Baderia, Dr. B. Deokinandan, Dr. Ram Autar, Dr. (Smt.) Surja Kumari, Shri 
Ishwar Chandra and Shri Mahendra Shanker, all members of the Mathematics Group of 
the Department of Education in Science and Mathematics, for their valuable coatribu- 
tion and for seeing the book through the press. 


Suggestions for further improvement of the book will be most welcome. 


P.L. MALHOTRA 
Director 
National Council of Educational 


New Delhi 
Research and Training 


January 1986 
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Preface 


Consequent upon the decision to have only one stream in mathematics and science at the 
secondary stage in schools affiliated to the Central Board of Secondary Education 
(CBSE), the Central Board’s Committee of Courses in Mathematics was asked to frame 
a new syllabus in mathematics for Classes IX and X, and subsequently to get the new 


textbooks written. 


The Committee sought the guidance of eminent educationists and mathematicians 
including Prof, Shanti Narayan, Prof. J.N. Kapur, Prof. S.D. Chopra, Prof. М.К. Si Е 
ghal, and others from the NCERT and the University of Delhi and its ЕРЕ 3 i 
consensus was that more emphasis should be laid on the teaching of E i 
vant to the day-tc-day needs of the citizens, and less on proof-making in geometr 
Accordingly, the weightage on geometry was decreased, and on commercial ое о 

, 


increased. 


Steps were initiated to develop a textbook for Class IX on these lines. With the 
help of authors from various organisations like the NCERT, the Delhi University and 
its colleges, government schools, private schools and Kendriya Vidyalayas, the 
textbook was developed and published by NCERT asa joint venture of the CBSE and 


the NCERT, in January 1985. 


Subsequently as Convener of the Committee for developing textbook for Class X: 
Т selected a team of authors from various organisations like the NCERT, the Delhi 
University and its colleges, government schools, private schools and Kendriya Vid 2 
layas. (Their names are given in a separate list). The whole group was divided ee 
four sub-groups which met several times in the CBSE and in the NCERT and 
prepared the draft manuscript. This draft was discussed in a national workshop orga- 
nised by the NCERT and the suggestions madein the workshop were MAC E. 


the extent possible. 


I am indebted to all the authors who worked hard for developing the manuscript 
Our thanks are due to Shri J.N. Rampal and Dr. Chandrakant Bhardwaj who undertook 
the work of preparing the Hindi version ofthe Class IX and Class X textbooks. I am 
grateful to Dr. P.L. Malhotra, Director, NCERT, Prof. A.K. Jalaluddin, Joint Director 
NCERT and Prof. B. Ganguly, Head, Department of Education in Science and Mathe- 
for their encouragement and help in completing this task and to Fr. T.V. 


matics, 
man, CBSE, Dr. K.D. Sharma, Director (Academic) and other staff 


Kunnunkal, Chair 


( viii) 


of the CBSE. 1 express my sincere thanks to Prof. K.V. Rao and the other members ef 
the Mathematics Group of the Department of Education in Science and Mathematics, 
NCERT, for preparing the final copy of the manuscript and seeing the book through 
the press. lam personally indebted to them all. 


In this book we have made an effort to cater to the needs to the average student, 
but there are discussions which may be challenging to the brighter students.as well. This 
approach had to be followed because this book is meant for each and every student of 
Class X who has to study the subject compulsorily. One of the important features of 
the book is that numerous worked-out examples have been given for a better under- 
standing of the concepts and principles by the students, and these are followed by exer- 
cises which give enough practice for mastering the concepts. Another important feature 
is that except where a formal proof was considered useful, the geometrical results have 
been exhibited through the activity approach, including paper-folding, tracing and cutt- 


ing. Itis hoped that the teacher will do some of these activities in the classroom and 
encourage the students to do more at home. 


The authors would like to request the teachers and the pupils to go through the 
pages of the text in detail and not remain content with solving the problems only. No 
book is the last word on the subject and, therefore, we shall appreciate any construc- 
tive criticism of the book within the broad framework in which we have worked. 
Suggestions for improvement of the text will be most welcome. 


MOHAN LAL 

Principal 

PGDAV College, New Delhi 

and 

New Delhi Convener 
January 1986 à 


CBSE Committee of Courses in Mathematics 
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CHAPTERI 


Linear Inequations and Their Applications 


11 System of Inequations 
In the prévious class, we have studi : 
, ied how to sol 
two variables. Al i ушш вара i i 
in two variables oin aes now то determine ikon ola шр ae i 
ч 5 r more inequations i В inequation 
a у ntw 
MOYEN me im the inequations. We call those оаа wecanfind the 
) e so ; ; i 
kp. MUS E P3 ion of the system can be obtained by fi dis m T ak f linear 
Eo e i ie eee forming the system. This can р ing the intersection of 
ужар He equal on the same plane and an done algebraically as 
ill restrict ourselves to graphical НЕЕ po Ve 
. To illustrate 


points. 
we consider the following examples: 


the procedure, 
Example 1: Obtain the solution of the ‘system 


Pe eu 
2x+y>4 


Solution: To determine the solution 
) of th i 
inequations of the system, on the same ordinate En system, we graph each of the 
We have read in class IX how to gra i : 
i phal i ; 
inequation — 2x -y&€3? inear inequation. Can you graph the 
Graph of this inequation is shown in fi 2 А 
i y gure l.l. Thi 3 
of all the points in the region below the кыбы. OF x E 3 
у= 31га part of the graph. Similarly, you can plot the x Fiy 7 3. Theine 
e PR plane. The solution set of 2 x + y > 4 RE SUDO dE 
raph of 2x t y = 4. We may note that the line 2 x + M 5 the region 
= 415 not a . раг? 


consists 
—2x- 
on the sam 
above the g 
of this graph: 
Thus, the intersection (common points) of the tw à; 
| | 1 о shaded i 
Sirersection of the two шон sets and contains those iud uit the к EE 
en t с se point i 
ome of the common points of thé solution pue al 


satisfy both the inequations. 
(3,3), (3,4) and so om. In fact, all the points in the'double shaded regi 
ion are the 


members of the soluti: 


on set. 
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Fig. 1.1 


Example,2: Solve the system of inequations 
3x —y-cA4 
3x99 —2 


MATHEMATICS 


QUADRATIC EQUATIONS AND THEIR APPLICATIONS 3: 


Y 


D 
© 


[^] 
o 


HEIGHT IN METRES 
N 
C 


“AXIS OF 


o 


INI SECONDS 

Fig. 3.1 
the x-axis are the zeros of the polynomial —5x* + 25x. From the grapn we find that 
0 Bnd 5 are the zeros of the polynomial. 


TIME 


MATHEMATICS 


4 
line3x — y = —2(I). Thus, the graph is the double shaded region that lies between 


the two dotted parallel lines as shown in the figure 1.2. 
Example 3: Solve the system of inequations 
Е 3Зх- у> 4 
Зх n <a Ea 
9 


Y г 
Ке 
/ 2 Pra 
6 d L5 


-4N-3 


29 4 - 
a 
П] xe Y 
Ny] =] 
1 
у м 


ў r 
Fit 


LINEAR INEQUATIONS AND THEIR APPLICATIONS 
5 
Solution: This system is simi iv = 
: imilar to the one given in 
1 1 s n exam Б 
inequality symbol in each inequation has been reversed. : MEM SU 


The graph of 3 x —y > 4 is the shaded region below /, as shown in figure 1.3 
The graph of 3 x — y < — 2 is the shaded region above the line /,, It ma be 
that /, and /; are parallel. Hence we observe that there is no com on h АГ 
"Therefore, the system has no solution. dE 


egion. ж. 


Example 4: Graph each inequation in th 11 
| а e following system 
Show the solution set of the system as the set of points in Udo A m id dis 
EE: gion. 
yzo 
П 
Lx<4 


Solution: The solution set of y< 


x consists of i А xa A 
shaded region below it. р alt the points on y = x and in the 


Fhe solution set of y > 0 consists of all the poi: 
oints ` x- axi: i 1 
Ric ioris p on the x-axis and in the entire 
The solution set of x < 4 consists of all the poi 1 
: ) Bike points on t| i = j 
entire region to the left of it as shown in figure 1.4. пече аап 
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Fig. 1.4 


MATHEMATICS 
The intersection of these three sets is the shaded triangular region OAB which 
include all the points of the boundary as well as the interior. 
Example 5: Graph the following system of inequations 
3x--2y x18 
| x+2y<10 
| x20 
l у2 0 
Find the ordered pairs representing each ofthe vertices of the region so formed, 


Solution: Draw the graphs of the inequations of the given 


System on the same 
XOY-plane. The solution set consists of all the points of the quadri 


lateral region OABC 


Ё 
є 
Ыз 


М LINEAR INEQUATIONS AND THEIR APPLICATIONS 7 


which include the points of the boundary as well as the interior as shown in figure 1.5. 
Thus, the region representing the solution set of the given system of inequations is the 
quadrilateral OABC with vertices (0,0), (6,0), (4,3) and (0,5) respectively along with its 


Í interior. 
| Til] now we have studied a system consisting of inequations only. In the following 
| ° example, we shall now be studying the system consisting of one equation and one 


| inequation, If the system consists of several inequations and an equation, then the 
|| " metho d of finding the solution set is the same as'in this example. 
Example 6: Solve the following system graphic illy : 
| JE 
| L* +y22 
| 


\ 


| Ge x 
| ОДР Ма o M 


“2 
E t 
| E > 
COA Ыл pee) 


Fig. 1.6 
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Solution: The thick portion of the line AB including the point A (1,1) (ray АВ) is 
the graph of the solution set, as shown in figure 1.6. 


-However we can verify the solution algebraically also as is done below. 


- By substituting x for y in x + y > 2, we have 
2 2x 22x21 
Hence the solution set is 
{G@, у) |х = уапіх >1} і 
Thus, tke ray AB is the required solution set of the system. 9 


Ехегсіѕеѕ 1.1 


1. Graph each pair of inequations indicating their solution set : 


O y 3x (ii) y2x 
: у<3 у >—1 
Gi) (y»y22x (ivy) fy<2x 


A | i Xd s 


2: Graph the solution set of each of the following systems of inequations : . 


0) [ у<х-1 (ii) [sacri 
y^»l-—x [925—2 
(i) [у23х— 6 G) fy&3x—3 
у<2х+4 y>2x+2 


3. - Graph the solution sets of the following systems : 
@ [2х—у<2 ; G) (x+2y>4 
y20  \2*+4у<8 x 


Gi) (x—3y»«6 () (3x+ty>3. 
x—3y>-6 3x ty«—3 


. ments for the pro 
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4. Graph the solution $ 
set of each of the followi 
5 ing systems of inequati 
ions : 


GQ (у2х 
EE d G) [х+у<о 
Ly «4 Са 
(ii). (х + 3y <6 ' > 
4 y>0 œ) [—x+2y<10 
"x20 42x—y2-—4A 
Ly <8 


5. ı Graph the followin : 
g systems of inequati 
figure so for; ione Tuae case i 
8 о med and find the ordered pairs representing SEU. the geometric 
ces. 


(i) [xs2 Gi 
1y<2 ee Ges | 
1x20 Iyzi 

d»20 EAST 

Qi) (y2x-2 уе 

i | xsy-l i) [2x+y<9 
1256 y A 
EEZ 7 E 

{520 


Solve each of the following systems graphically : 


6. 
@ fy=2x in ГА 8 
мер à 2 Beer 
= y20 
(iii) (x+ty=0 ту 
{ у<»+? Ууру ы 
|«t2»26 


1.2 ‘Linear Programming 

of the study of system of linear inequati 
В ar quations, an im 

, portant technique 


ют Med It consists Bona an RN н ха. 
veral variables, called the objective function, subject to inimising 
a number 


As applications 
known as linear prog" 


a linear function of se 


of constraints. 
A firm frequently requires several components for the manuf т 
and there аге usually several stages for assembly id CAM of ‘items it 
ustomer. The company s costs and profits on the it item and finally 
he components, number of items produced and the e i on the 
power require- 


duction of the item. If the relations 
Е among the various 
resources, the 


produces, 
reaching the € 
availability of t 
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production requirements, the cost, and the profits are all linear, then these activities 
may be planned in the best possible way by means of linear programming. 

Linear programming is useful in solving the problems of allocating limited resources. 
among various activities in the best possible way. Linear programming problems 


involve many variables, but in this section we shall restrict ourselves to а involv- 
ing only two variables. 


13 Mathematical Formulation of the Problem 


Let us consider the following linear programming problem. A dealer wishes to pur- 
chase fans and sewing machines. He has only Rs 5760 to invest and has space for at 
the most 20 items. A fan costs him Rs 360 and a sewing machine Rs 240. His expecta- 
tion is that he can sell a fan at a profit of Rs 22 and a sewing machine at a profit of 
Rs 18. 


Assuming that he can sellallthe items that he can buy, how should he invest his 
money in order to maximise his profit ? 


Now in this problem we note that 
Maximum possible investment — Rs 5760 
Maximum storage space 
Cost of a fan — Rs 360 
Cost of a sewing machine — Rs 240 
Possible profit on a fan = Rs22 
Possible profit on a sewing machine 


— 20 items (fans and sewing machines) 


— Rs 18 


Let x be the number of fans and y be the number of sewing machines that he buys 
Clearly x > 0 and y > 0 
Also there are some more restrictions on the dealer regarding the maximum amount that 
he can spend and number of pieces of fans and sewing machines that he can store. 
So, we have : 

360 x + 240 y < 5760 

x+y<20 

Also the dealer wants to invest in such a Way so as to maximise his profit 


P=22x+ 18у 
Mathematically, the given problem now reduces to : 


Maximise profit P = 22 x + 18 y ; 


subject to the constraints 


x+y < 20 T 
360 x +740 у < 5760 
x20,»20 


1.4 Graphical Method of Solving Linear Programming Problem 


Let us consider one linear programming problem and study how to solve it graphically 
Example 1: Vikram has two machines with which he can manufacture either bottles 
or tumblers. The first of the two machines has to be used for one minute and the 
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second for two minutes in order to manufacture а bottle and the two machi 
be used for one minute each to manufacture a tumbler. Durin x Rc 
machines can be operated for at the most 50 and 54 minutes SEE T к күр 
he can sell as many bottles and tumblers as he can produce, find ieee pe 
and tumblers he should manufacture so that his profit per hour is ae ef оше» 
given that he gets a profit of ten paise per bottle and six paise per conus us ЯЕ 

Solution: Let us suppose that Vikram manufactures х bottles and х tumbl 
hour to get the maximum profit. Then the first machine will be Ghent fo me 
minutes and the second will be operated for (2x + y) minutes. Then a dis 6 
given conditions of the problem we have i M ILU 

x+y< 50 

апа 2х +у$ 54 p 
Ae. or some bottles and either none or some tumblers are manufactured, 
x20 

and yzo ; ы 
We are required to find such a solution of the system of inequations (1) to (4) th у 
ргойї “Р” paise per hour is maximum. Also the total profit per hour will be axe 

P = 10x + 6y 

we have to so programme the manufacture of bottles and tumblers we 
linear function of the two variables x and y defined by P is maximised subject to m 
linear constrains (1) to(4). We are, therefore, justified in terming the RUM Е 


а linear programming problem. 
Mathematically, the problem reduce to maximising 

= 10x + 6y 
subject to the conditions 

xty<50 

2x + y < 54 

x20 

yzo 
he system ofinequations can be easily obtained and i i 
d y Z 0, the graph has been drawn in the BRE Erant on "s 
The points in the region bounded by the quadrilateral OABC, including the hood : 
constitute the graph of the system ofinequations. And so, any possible solution Е 
the problem must occur at some points on the graph. 

Equation (5) represents 2 line and as P changes, the line moves parallel to itself. 
This line will reach a point on the boundary ofthe region (the graph of the system of 
inequations), beforeit reaches a point.in the interior of the region. For maximum 
value of P, it reaches the boundary from above and for minimum, it reaches the boun 

If it reaches two vertices of the boundary simultaneously, it will be 


dary from below. reac e 
parallel to the segment Joining the two points and every point of the segment will give 
a maximum (or minimum) value of P. 


Thus, 


Now, the graph of t 
figure 1.7. (As x 2 Оап 
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. 


However, we are interested in that solution which gives a maximum value of P. We 
assume the following well known theorem without proof. 


Fig. 1.7 


Theorem : Of all the points ina region bounded by a number of li 
makes a linear expression P assume a maximum (or minimum) value, the 
vertex point on the boundary of the region, 

In the present case the vertices of the bounded region, Are O, A, B and 
difficult, to see that the co-ordinates of these vertices are (0, 0), (27, 0), (4, 46) and | 
(0, 50) respectively. Corresponding to these values of x and y, P takes the values % || 

10x0 + 6x0, 10x27 + 6x0, 10х4 + 6x46, 10х0 + 6х 50 
i. 0, 270, 316, 300 paise 
‘We see that the profit will be maximum provided he manufactures 4 bottles and 46 
tumblers per hour and the profit per hour will be Rs 3. 16. 


ines, if any point 
n it is so at a 


C. Itis not 


ч 
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Example 2: Smita goes to the market to purchase buttons. She needs at least 20 

large buttons and at least 30 small puc The shopkeeper sells buttons in two forms— 

(i) boxes and (ii) cards. ; 

A box contains ten large and five sfnall buttons and a card contains two large and 

five small buttons, Find the most economical way in which she should purchase the 


- buttons, if a box costs 25 paise and a card ten paise only. 


Solution: Let us suppose that she purchases x cards and y boxes of buttons. Then - 


the total cost that she pays will be 
10x 4- 25y paise 


We denote it by C, so that 
С = 10x + 25у EX 


The number,of large buttons she will get is 
2x + 10y and the number of small buttons is 5x + 5 y. 


Fig. 1.8 
ll buttons, we get, 
A must have 20 large and 30 sma 
s she 2x + 10у > 20 i.e x + 5у 210 ss 
sub SVSWiaxty 26 e 
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Also either she has to purchase some cards or none and similar is the case for boxes 
S x20 -- (4) 
>>0 (5) 
"The graph of the inequations (2) to (5) is shown in figure 1.8. 
The vertices of the boundary of the graph are the points A (10, 0), B (5, 1) and C (0, 6) 
"The corresponding cost will be 100, 50 + 25 and 150 paise. And so if she pürchases 
5 cards and one box, she has to pay the minimum i.e. 75 paise. 


Exercises 1.2 


1. A furniture dealer deals in only two items viz, tables and chairs. He has Rs 5000 
to invest and a space to store at most 60 pieces. A table costs him Rs 250 and a 
chair Rs 50. He can sell a table at a profit of Rs 50 and a chair at a profit of 
Rs 15. Assuming that he can sell all the items that he buys, prepare a mathe- 
matical model of the problem stated above. 

2. A dietician wishes to mix two types of food in such a way that the vitamin con- 
tents of the mixture contains at least 8 units of vitamin A and 10 units of 
vitamin C. Food / contains 2 units per kg of vitamin A and 1 unit per kg of 
vitamin C, while the food JZ contains 1 unit per kg of vitamin А and 2 units 
per kg of vitamin C. It costs Rs 5 per kg to purchase food J and Rs 7 per kg 
to purchase food //. Prepare a mathematical model of the problem stated 


above. 
3. Find the maximum value of the function 
С = 2х + 3y 
subject to 
x + 2y < 10 
2x 4- y > 14 
х2 0,у 20 
4. Махітіѕе 
С = 4x + رو‎ 
Subject to 
x + Sy < 200 
2x + 3y < 134 
x20 
y20 
5. Minimise 
С=х-+у 


Subject to 
3x + 2) 2 12 


p 
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x+3y211 

xz0y20 
Sudesh wants to invest Rs 12000 in Saving Certificates and in National E 
Bonds. Acccrding to rules, she has to invest at least Rs 1000 in mer E: P 
and at least Rs 2000 in National Saving Bonds. Ifthe rate of inte: 3 i x: 
Certificates is 8% p.a. and the rate of "nterest on the National S ie uds 
10% p.a., how should she invest her money to earn maximum nd Ua 


What is the maximum yearly income ? 

An aeroplane can carry a maximum of 200 passengers. A profit of Rs 400 i 
made on each first class ticket and a profit of Rs 300 is made on each e ms 
classticket. The airline reserves at least 20 seats for first class. ар. 
least 4 times as тапу passengers prefer to travel by economy class than 3) 
the first class. Determine how many;of each type of tickets must be sold 
order to maximise the Profit for the airline. What is the maximum profit? = 
ures necklaces and bracelets. Th i 

necklaces and bracelets that it can handle per day is A SE PS " 
takes one hour to make and the necklace takes half an hour The ane 
mum. number of hours available per day is 16. Ifthe profit on Mc brac i 
is Rs 2 and the profit on the necklace is Re 1, how many of each product aie 


be produced daily to maximise profit ? 

A company manufactures two types of telephone sets, о E 

The cord type telephone set requires 2 hours to "RUM Mecha p 

requires 4 hours. The company has at the most 800 work hours per is el 

manufacture these models and the packing department can pack A ay to 

300 telephone sets per day. If the company sells the cord type cee А 

and the cordless model for Rs 400, how many of telephone sets of Ed 

should it produce.per day to maximise its sales ? Без 

A gardener has a supply of fertilizer of type I which consist soi 

and 6% phosphoric acid and type П fertilizer which consists кз, MC 

10% phosphoric acid. After testing the soil conditions, he finds that he Ee 
n and 14 kg of phosphoric acid for his crop. If the i Т 

J 


at least 14 kg of nitroge 
kg and type П fertilizer costs 40 paise per kg 


fertilizer costs 60 paise per 
determine how many kilograms of each fertilizer should be used so that nutrient E 


rements are met at a minimum cost. What is the minimum cost ? 


A small firm manufact 


requi 
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CHAPTER 2 


Polynomials 


2.1 Polynomials 


We have already studied the concept of functions in class ІХ. In this chapter, we wil} 
study functions of a special type, called the polynomial functions. These functions are 
easier to work with, in comparison to many other functions occuring in mathematics and 
so we will study them in some detail. 

Let us consider p(x) — 3x2 — 7х + 2. We notice that for any real value of x, p(x). 
isa real number. For example, p(2) = 0, p(#) = — 3/4, p(1) = — 2, etc. Thus, we 
have defined a function whose domain is the set of real numbers and whose range is a 
subset of the set of real numbers. A function of the type, as in example above, is 


Definition: A function p(x) defined by p(x) = aox” + аа eee хы а, 
where ao, ат, ..., а, are real numbers and п is a non-negative integer, is called a poly- 
nomial function in x, or briefly a polynomial in x, over reals. 

. We shall take the domain of P{x) to be the set of real numbers, Clearly its range is: 
a subset of the set of real numbers. 

. Some examples of polynomials are 


3 2 
9x3 — 4x? + 7x — 2, 5х1 34x *3x— D. Sx s, 


4 
M —х+2\/ 2 x + 3, etc. 


A polynomial in x over integers will mean a polynomial in which the coefficients of all. 
the terms are integers and a polynomial Over rationals will mean à polynomial in which 
the coefficients are all rationals. In this chapter, all the polynomials Considered will be 
polynomials over reals, š i 4 Е 
4 ET Wa may emphasise that in a polynomial the exponent of x in each term is a non- 


negative integer. Thus, whereas 2x + 3 is a polynomial, 2 4-3isnota polynomial, 


А Dus. deo. 
since the exponent of x in the term aes —1 whieh is not a non-negative integer. 


Footnote; Ifina Polynomial, all the coefficients are zero, then it is called the zéro polynomial. 
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Two polynomials are equal if and only if the coefficients of all like powers of x in the ` 
two polynomials are equal. Thus, we may notice that the two polynomials 3x? + 5x — 8. 


and — 8:+ 3x? + 5x are equal; however, the two polynomials 5x? + 6x? + 2x — 8 
and 5x? — 2x? + 2x — 8 are пої equal since the coefficients of x? in the two are 
different. oen 

We can always'write a polynomial іп such a way that the powers of x are either: in. 
increasing or in decreasing order. These two ways of writing a polynomial are called 
standard forms of writing a polynomial. However, in this book, we will stick to writing 
a polynomial in the decreasing order of powers of x. j 

Example: Write 6x? — 7x + 8 — 4x* in the standard form. 

Solution: The polynomial in the standard form is : 

: — 4х* + 6:8 — 7х + 8 

Example 2: Write the polynomial — 2x + x? +- = +7 іп the standard form. 

The standard form of writing the polynomial is "E 


Solution: 
х“ 
XE "PES T 2x47 


SOME SPECIAL TYPES OF POLYNOMIALS 
Some polynomials have special names. After combining like powers of x if we find that 
a polynomial consists of a single term, it is called a monomial. Examples of a monomial 
are 3, 8x, 7x3, 2x + 7x; etc. Ifthe polynomial consists of two terms, it is called a 
binomial. Examples of a binomial are 2x + 5, х? — 7, 3x* — 7, ax? + bx (where a 0, 


b 0), 3x + 4x? + х, etc. Ifthe polynomial consists of three terms, it is called a 
trinomial. For example 5x? + 8x — 7, 3x* — x? + 2, x? + x + 1 are trinomials. 


ae 


Exercises 2.1 


T 


Gl) 2/x + 3 


Dx + x +2 i 
(йу 2x? 4-.5 (iv) 8 
0) М ICE MS Qi) V3 x2 — 5x 


Write the following.polynomials in the standard form : 
( 4x + x3 + xê — 72? (i) 5х3 + 2x — х? — xë 
(ii)? — 6»? + y! — 8y + 7 (iv) у + yi + y — y — ys — ys 
- 3 s 


M 


Point out, which of the following functions,are polynomials. Justify your answer, 


| 
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n each o M ing Á y lynomials are over integers 
1 h of the following parts, P 
3. 2 л ts, point out which ol: 

and justify your answer: 


4 
Й) 3x* — — x8 + 2x — 7 
(i) 3x* — 4x3 + 2x — 7 (ii) 3 
Ax iv) 5x5 + 4xt 4 333 
2 LOW Toad tius 
OUS tU. Pies чой нб 


ioe xg | n 
Q) i m T following, write which polynomials are Monomials, binomials ог 
In eac І 1 
d trinomials. Justify your answer. 


H)x*-F1- 
(1) 7x* 2% e z 
9) TE ) 3 
СЕ (vi) 4x? + 4x 
( T 4 > (viii) 5x3 + 8x3 
vii) 2x 
(Ix) x8 bx 7 


S Differenceand Product of two Polynomials, Degree of a Polynomiai 
252, шша, 4 


= 6xt — 2 be two polynomials, We have the 
= 3x9 + 5x — 4 aud g(x) = 6x1 — x + p AS 2 
AD m E P(x) + 40), to be Gat + Sx — 4) 4 Ca 
sum of p(x Mes 4x en 2. Thus the sum of two polynomials is obtained y adding 
= бх NU like powers of x, occuring 3 ge ана. 
terms с ae = (3x8 + 5x — 4) — (6x4 — x 
"NE MK 6x* + 3x9 + 6x — 6 т 1 
A (x) — g(x) is obtained by subtracting terms Occuring іп q(x) from the 
ae SA A p(x) and arranging the resulting polynomial in the standard form, 
d reds examples to find the product of two polynomials. 
us р 
3 с) = 3х (5х2 4- x 
Then p(x) g(x) 3 R do Ae OP 
= 15x? + 3x? + 18x и 
find the product of two polyncmials in another example 
heu D) = 3y + 2 and q(y) = y? ze. 6. 
№. = S ک5‎ 
) 4(у) = Gy + 2) (у — у 
Then p(y) q(y) E fu — y 0 208 39 
= 39! — 3y* — 18y + 2 — 2y — 12 
= 3j — yt — 20y — 12 
Thus, the product oftwo polyncmials in x is 
repeatedly. q fa polynomial, By the degree of a 
the degree ofa p З 
ids ws AR of the term containing the highest power of x. 
has er. Thus, the degree of 5x3 — 3x? 4 оу 2x lis 3, th 
a diode ОЁ 4 is zero. We illustrate the above ideas wit 
is 1 an x; 


obtained by using the distributive law 


Polynomial in x we 
Clearly it is a non- 
e degree of — 6x + 5 
ha few examples. 


| 
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Example 1: Find the sum of the two polynomials 
4x? — 3x + 2 and 3x* + 2x3 + 6x — 7 
Solution: The sum of the two polynomials is 
(4x? — 3x + 2) + Gx* + 2x? + 6x — 7) 
: =g bp 253 EE HOSS 
Example 2: Find the sum of the two polynomials” 
3y5 — 4y? + y* + y سر‎ 7 and ¬ 3y5 + 4y® + 6y? + 7y + 2 
Solution : The required sum is 
(3у5 — 4 +) + у — 7) + (— 3° + 4p! + 6? + Ty + 2) 
= Ty? + 8y —5 
Example 3: Let p(y) = 6)? + y — 2 and q(y) = — 8y* + 3y* + 7. 
Find p(y) — 40). 


Solution: p(y) — 40) = (6? + y — 2) — (— 8 + Зу* + 7) 


= 85 +32 +y - 9 
Example 4: If p(x) = 8x + 6x + 5x + 2 and q(x) = 8x3 — 7x? + 4x + 2, 
what is p(x) — q(x)? 


Solution: р(х) — a(x) = (8x? + 6x* + 5x + 2) — (x* — 7x? + 4x + 2) 


= Эхх 
Example 5; Find the product of the polynomials 
4x2 + x — 2 and 3x? + 6x + 4 

Solution: (4x? + x — 2) (3x? + 6x + 4) J 
= 4x? (3x2 + 6x + 4) + x (3x* + 6x + 4) — 2 (3x? + 6x + 4) 
12x4 + 24x? + 16x? + 3x? + 6x? + 4x — 6x? — 12x — 8 

= 12x4 + 27x3 + 16x? — 8x — 8 
Find the product of the polynomials p(x) and 

q(x) where p(x) — 0 and а(х) = х? + 5 

Solution: р(х) q(x) = 0° 6G? +.5) =0 M 

We have already learnt addition, subtraction and multiplication of tw. polynomials. 
Also we know the meaning of degree of a polynomial. We now will try to see whether 
etween the degrees of two polynomials and -their sum, diffe- 


Example 6 : 


there is any relationship Ь 


rence and product. 
If we have a.look at examples 1 and 2 above we see that the degree of the sum of 


two polynomials is equal to or less than the degree of the polynomial of higher degree. 
Similarly examples 3 and 4 above show that the degree of the difference of two polyno- 
mials is equal to or less than the degree of the polynomial of higher degree. About the 
degree of the product of two polynomials, examples 5 and 6 help us. We find that if 
none of the two polynomials is Zero then the degree of the product is equal to the sum of 
the degrees of the two polynomial factors. In case when one polynomial is zero then 
the product is zero (zero polynomial) and hence the degree of the product in this case 


is zero. 


M 1 MATHEMATICS. | 


We may state this now as a general rule : Д 

The degree of the sum or difference of two polynomials is less than or equal to the 
legree of the polynomial of higher degree, and the degree of the product of two non-zero 
polyncmials is equal to the sum of the degrees of the two polynomials. 

Till now we have been dealing with a polynomial іп one variable. We now give 
below some examples of sum, difference and product of polynomials iin two variables x 
and у. A polynomial in two variables x and y is usually denoted by p(x, у), g(x, y), etc. 

Example 7: Find the sum of the polynomials 5 

x? + 3xy? + y? and 3xy — у? + y 
Solution: Тһе sum is 
(хз + 3xy* + y8) + Gxy — у? + y) 
= х3 + 3ху? + уз + 3ху— у + у 
Example 8: Ifp(x, y) = x? + у? + 2xy arid g(x, y) = x? + y: — 3xy, 
then find 3p(x, y) — 4q(x, у) 
Solution: 3p(x, y) — 4g(x, y) = 3(a* + у? + 2xy) — 4(x? + y: — 3xy) 
= (3x? + 3y? + бху) — (4x* +. 4y? — 12xy) 
= — х? — у + 18ху 
Example 9: Find the product of x! + xy + ye 
Solution: The required product is . 
(x? + xy + у) (x — у) 
= x(x — у) + xy (x — у) + у? (x — y) 
=x — ху + x? و‎ — xy? + yty — уз 
= x س‎ уз 
In the same manner, 
more than two variables. 
The following formulae are important, as th 71 , 
E оеш ot ins veliti tists Ig actu wales be used Many times in Solving 
(i) (x + y) = x? + 2xy + у? j 
(ii) (x — у)? = x? — 2xy + y? 
Gi) (х + у) (х — у) = x? — y? 

(v) (х + y? = x? + Зху (x + y) + y? 

(у) (x — yy? = x* — Зху (x — y) — уз 

(vi) Gc y r2). = x*-Ey'-Ez* + 2xy + 2yz 4 22x 


and x — y 


we can find the sum, difference and product of Polynomials i 
s in 


E 


Exercises 2.2 


| 
| 
1. Findthe sum of the polynomial i " 
аске OF the sum ; 510 each of the foliowing Parts and find 
G) x* — 3x Ф 533 ¢ 3x — 19 = 
" 
| 
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(ii) 333 + x? — x — 8; — 33 + Sx + 6 
(iii) y! + 3y? + 3y + y? — 3! + 3y — 1 
(iv) zt + 62° + 102? + 6z + 1; — z‘ + 62° — 102 + 6z — 1 
(у) z2 + z — 7; 23 + 2° + 32 + 6 
Qi) y — Зу + 5; — 3! + Ty + Sy + 7 
" 2. In the following, subtract the second polynomial from the first and find the 
degree of the difference : А 
() در‎ + 3) + Зу + by! — 3! + ر3‎ — 1 
(ii) xt + 2x? + 15x* — 20 +1 
(iii) хз 3x2 + x + 1; xt + 5x3 + 6x? + 5х + 2 
(iv) yt — 4»! + 6? = 4y + ;у + 2у +1 
3. Subtract 6x? + 12x + 5 Пот the sum of 
x3 + 4x? + 6x + 1 апі 2x* + 6x +7 
4. What should be subtracted from the sum of 
уз + 2y + Land y* + 6y — 2 to get 1 ? : 
5. Find the product of the polynomials in each part and also find the degree of 
? the product : А : d 
(i) x + 4; x + 6 1 $ 
(ii) y + 2z; y + 32 
(й) x?— 2x + 1; —1- 3 | 
(iv) х? + 5х + 6;x+1 
(у) etxtix-!l 
‚ (уй ха + 2ху + ور‎ x +7 
(vii) xt bie esx Foe 
(viii) х? + ybLz—xy— > zx; 
6. Simplify the following : 
O x—DGc-T-DG + 1) 
ed) y- DO 260795 


2.3 Division of two Polynomials 
‘We are familiar with division of one number by another non-zero number. When we 
divide one number by another, we get one number as quotient and another number as 
«emainder, which is zero ога number less than the divisor. The remainder is zero when 
the divisor i the dividend. г үң 

à yere oed when we divide a polynomial f(x) by a polynomial g(x). ` 
Just asin the case of numbers, here also the divisor g(x) 7 0. Weshall write the 
quotient and the remainder as g(x) and r(x) respectively. E 

S. We shall solve now à few examples on division. Before we start division process, 
we must write the two polynomials in the standard form. : 


. Divide f(x) by g(x) where 
Example 1: qi 2 — 6x? + Mx — Gand g(x) = x? — 5x + 6 


xtytz 


S,C.E.K.Y,, West Bsr 
Data А. 2 
Kec 
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Solution : 
zem 
x? — 5x + 6 ( х3 — 6×" + Mx — 6 
x? — 5х2 + 6x 
—x+ 5х — 6 
— x+ 5x - 6 
0 


Неге q(x) = x — 1 and r(x) = 0 


Notice that the process stops when the degree of the remainder is less than the degree of 
the divisor. 


Note; As in this сазе, when r(x) = 0, we say that the divisor g(x) is a factor of the. 
dividend f(x). 
Example 2: Divide x*—14x?+-37x—60 by x—2 
Solution : 
_ xT 12x +13 LA, 
x—2 ) x8—14x®+37x—60 
DE 
ˆ —12х°#+Е37х—60- 
—12x*--F24x 
13x—60 
13x—26 
EA 
In this example 9(x)=x?—12x-+13 and r(x)——34. Notice that here the divisor is 
not a factor of the dividend, since r(x) Æ 0. © 
Example3: Divide f(x)—5x*—70x*+153x—342 by 25) 10x16 
'Solution : 
5x—20 


x?—10x+16 ) 539—70x*--153x—342 — 


) 5339—70x*4-153x—342 
5x3— 50x?-- 80x 

^o —20x*L73x—342 —. 

—20x*--200x — 320 

Pisce 

Here q(x)=5x—20 and r(x)=—127x—22, 
Example 4: Let f(x)=x*+2 and g(3)-3?4.7,. Diss f(a). 5 
quotient and the remainder. Y.e(x 
Solution: In this example since the degree Sen 
the divisor, the quotient q(x) is 0 and the remainder r()—32..5 5 AM the degree of 
In each of the examples above we notice that the degree of à 
he degree of the divisor. There is a famous Tesult, known as 
state as follows. 


) Find the 
of the dividend i 


the Temainder is less than 
division algorithm 
> 
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Division algorithm : Let f(x) and g(x) be two polynomials and сбх) Æ 0. Then there © 
exist unique polynomials g(x) and r(x) such that 
Лх)=4(х) g(x) +r): 
where degree of r(x) is less than the degree of g(x). (The proof of this theorem is 
beyond the scope of the book.) 


Exercises 2.3 


In each of the following questions f(x) and g(x) are given. Find the quotient g(x) and 


the remainder r(x) when f(x) is divided by g(x). 

1. f(x)=2x9—-11x?+19x— 10, вх) =2х—5 
f(x) =х3—30—х+13, g(x) =х?—4х--3 
Уо) Sat +208 +37 +2x+20, g(x)=x?-+2x+2 
Ух) =х2+6х2--10х+16, g х)=х+3 
fG)oxt41, я(0)=х—1 
х) xt -5x8-1x-3, g(x) =x +2 
Д(х)=х*+2х*°+1, #(х)=х%-+-1 
fo) rx -x-l в(х)=х*+1 
х) =х%+3х%+10, g(x)=x+3 
fG923x xl g(x)=4x 
2.44 Remainder Theorem 
We have learnt above, the divisi 
We are now interested in finding out as б 
degree 1. By division algorithm we see that 
zero and hence is a real number. We will try to 
RS) ал 1: Let fioe et Ter3 and g(x)=x—4. Fiad the remainder when 
f(x) is divided by g(x). : 

Solution : 


SOO 53 ^ End en ә 


а 


on of one polynomial by another non-zero polynomial. 
o what happens if the divisor is a polynomial of 

in this case remainder r(x) is of degree 
find tbe remainder in the following two 


х?+6х+17 
х4 ) #+25—1Х+3 


Tli РРТС is 71. We may check that /(4) is also 71. 
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Example 2 : . Find the remainder when x2+5x+4 is divided by x—a. 
Solution : Ў : + 
x+(a+5) 
х—а ) x*+5x+4 
Xo OX 
(a+5)x+4 
(a--5)x— a(a--5) 
a(a+5)+4 
This time the remainder is a(a+5)+4= a+ taa, 
f(x) then we sce that the remainder is f(a). 
The result is general and we state and Prove it below as a theorem, 


If the dividend is denoted by 


Remainder Theorem 


If a polynomial f(x) is divided by x—a then the remainder Ла) 
‚ number. 
Proof: Let f(x) be divided by x—a, and let tbe remainder be a Teal numb 
- Let the quotient Бе g(x). Then by division algorithm we get тер; sayir: 
І fG)2(G—a):q(x) -r ° 
Putting x—a, we get f(a)—0:q(x)--r 
2:6. f(a=r 
Thus, the remainder r=f(a) 
This thcorem helps us in finding the remainder, without actual di 
is of the form x—a. 
We now take two examples of the application of remainder theorem, 
Example 1: f(x)=x°—3x°+2x?+8. Without actual divi 
when f(x) is divided by x—3. 
Solution: Using the remainder theorem we see that the 
Now, /(3)=3°—3-3°+2-3°+8 
=26 Р 
Thus, the remainder is 26. 
Example 2: Withcut ustng divisicn process, find the теш 
is divided by x4- 5. 
Solution: The divisor here is x--5—x—(— 5). 
Hence the remainder, ой division by x+5, is {(—5). 
But f(—5)=(—5)?+4(—5)?+ 6(—5)— 2=—57 
Hence the remainder is —57. 


where а is a real 


ivision when the divisor 


sion find the Temainder 


remainder is /(3). 


ainder when X-4x*-4 6x —2 
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Exercises ‘2.4 


ite fG) 39 —2x x2. Find the remainder, by using division process and also by 
using remainder theorem when f(x) is divided by " 1 


G) x—1 (ii) x-2 (i) x41 
2. f(x)29x1—6x*--11x—6. -Find the remainder when the divisor is 
(i) x—1 (ii) x—4^ (üi) x+2 


3. f(x)is the polynomial 4x3—12x2?+11x—3. Use the remainder theorem to find 
the remainder when f(x) is divided by ` : : 
З 1 cn 
O х= ج‎ Gi) x + 3 Gi) x— 3 
4. In each of the following parts show that g(y) is a factor of f(y): 
G) fo)-y—8andg0)—»—2 — , 
Gi) f)=y"-+4y?-+ Sy +2 and в(у)=у+1 
(iii) fQ)42y'—y*—12 and g(y)=y+2 Р 
Hint: In each of the above, show that the remainder is zero when f(y) is divided by 
200). 
2.5 Factor Theorem 
information which we may use to factorise polynomials in 
e a theorem called Factor Theorem.. It tells us precisely 


(х— а) is a factor of the given polynomial. 
polynomial and ‘a’ be a real number. Then the 


So far, we have gained some 
some cases. Now we provi 
when a linear polynomial of the form 
Factor Theorem: Let f(x) be a 
following two results hold : 
(i) If f(a)—0 then (x—a) is a factor of f(x). 
(i) If (x—a) is a factor of f(x) then ft (a)—0. 


Proof: By division algorithm we have 
f(x)=(x—a) I) tr Р . . (1) 
By remainder theorem we have r=f(a) Жо) 
Using (1) and (2) we have x 
33 


Д(х)=(х—а) q(x)--f(a) 
To prove (i) : Let f(a)=0 then from 
Hence (x—a) is a factor of f(x). 
To prove (ii) : Let (х—4) be a factorof f(x) so the remainder is 0 when we divide 


(x) by x—a. 
But the remainder is f(a) 
So f(a)=0. 
We shall now illustra 
Example 1: Let f@= 
factors of f (x). 


(3) we have f(x) =(x—a) q(x) 


te the use of this theorem in the following examples: 
x8—12x?+44x—48. Find out whether x—2 and x—3 are 
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Solution: To check whether x—2 is a factor of f(x) we find f (2). 
Now f(2)—23—12:2?2-44-2—48—0 
Hence by factor theorem, (x—2) is a factor of f(x). 
Also f(3)—33—12-3*--44-3—48—3 
Since f(3)40, (x—3) is not a factor of f(x). 
Example 2 : 


Letf(x)-23— kx*-J-11x— 6. For what value of k, is (x—1) a factor of 
f(x)? 
Solution: Since (x—1) is a factor of f(x), 
f(1)—0. (by factor theorem) 
But f(I)=18—k-12+11-1-6=6—k 
x 6—k=0 
Hence k=6 


Example 3: Let f(x)=x9-+kx®+hx+6. Find the values ofhand k so that (x+1) 
and (x—2) are factors of f (x). 


Solution: Since (x+1) is a factor of f(x) so f(—1)—0 (by factor theorem) 
But f(—1)=(—1)°-+k (—1Y-h(— 1)--6 
=k—-h+5§ 

k—-h+5=0 D 

Since (x—2) is a factor of. f(x), f(2)—0 and we have, in the same way as above, 
8+4k+2h+6=0 

< 4k4+2h+14=0 
= 2k+h+7=0 (2) 
Solving (1) and (2) we get k=—4 and h=]. 


Exercises 2.5 


In the problems 1—5, use the factor theorem to check Whether or not the polynomial 
g(x) is a factor of the polynomial f (x). 


1. f(x)=x*+x8—x?—x—18 ; g(x)—- x—-2 

f(x) x -3x* E x*F8x--15 ; я(х)=х--3 

JG) xt x* x ;g(x)2x—1 

f) xt 4x8 x4-6 ; B(x) 9x2 

f) 38 $4324 ; g(x) 9 x--5 

If (x—1) is a factor of a^ x! —3ax--3a—1/find the values of a. 


Find the values of p and q so that (x+2) and (x— З 
x54- 10x?4- px+ q. ( ) (x— 1) are factors of the Polynomial 
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2.6 “Zeros of a Polynomial 

We have studied polynomial functions in some detail. In this section we will be 

interested in studying zeros of a polynomial. By the zero of a polynomial. f(x) we теат 

a real number a such that f(a)=0. 

We illustrate the meaning of zeros of a polynomial through two examples. 

Example 1: Show that 1 is a zero of the polynomial 
x3—6x?-- 11 x — 6. : 

Solution: Let f(x)=x°—6x?+11x—6 

Now we find f(1) 

f(Q)=12—6 12 +11.'1-6=0 

Since f(1) is zero, 1 is a zero of 

Example 2: Show that 2 is not a Zero © 
fo)-y—-y—»t1 

Solution : Let us calculate /(2) 
f2-22—2-—241—-3 

Since /(2) 0 so 2 is not a zero of the polynomial 
y-y-»H. 

It is possible that sometimes à 
Example 3: Show that x*-F4x--5 has no zero. 
Solution: Let /(x)=x°+4x+5 

Then* f(x) - G?--4x--4)-1 
=(x+2)°+1 
We notice that for all'real values of x, (x+2) is always non-negative. Hence f(x) has 


always a value greater than or equal to 1. Thus, f (x) has no zero. 
If we are given a polynomial f(x), we can test whether any given real number a is а 
zero of f (x) or not. This is what has been done in examples 1 and 2 in this section. 
However, if we are given a polynomial f (x), then finding its zeros is a more difficult 


the polynomial f(x). 
f the polynomial 


polynomial has no zero. Let us consider an example. 


task. 
Sometimes zeros may not exist, as in example 3 above. 

We will now state a theorem and use it to find the zeros of some polynomials. The 
theorem may be applied to polynomials of any degree. But it tells us only about integral 
zeros. 

Theorem: Letf (x) e ax" barn Hax" t +a, be a polynomial with integral 
co-efficients. If an integer kis a zero of the polynomial, then kis a factor of a,. (The 
proof of the theorem is beyond the scope ofthe book.) We shall illustrate the useful- 
ness of the theorem in the following examples: 

Example 4: Find all the integral zeros of the polynomial 


fo)-3x—2y tt^ 
Solution: Suppose К is an integral zero of the polynomial /(3).: Then, by the above 
theorem, К is a factor of 4. Hence possible values of k are 
1, —1, 2, —2, 4 and —4. 
*We break up the constant term so that the terms containing x form a complete square. 
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We will now test each one of them to see whether it is a zero of the polynomial. 
f (1) —2*1*-143-4—4 ; since f (1)0, so 1 is not a zero of f (y) 
f (—D=(—1)—2(—1)+(—1)+4=0, so —1 is a zero of f(y) 
We may now check for 2, —2, 4and —4 in the same Manner. We will find that they 
are not zeros of the polynomial f(y). Thus, the only integral zero off(y)is —1. 1f 
there are other zeros then they are not integers, 


Example 5: Find the integral zeros of the polynomial ` 
f G9212x3—4x? —3x-1 

Solution: 'Suppose that k is a zero of the polynomial, 
Hence the only possible values of k are 1 and —1. 

We will now check whether --1 and —1 are zeros of the polynomial, 

Now f (1)=12-12—4:12—3:14-1=6 
Hencelisnotazerooff(x) . д 

Also f (—1)—12(—1? —4(—-1)!—3(-1)4-1— —12 

Hence — 1 is also not a zero of f(x). 

Thus, the polynomial has no integral zeros. 


Then k is a factor of 1. 


Remark: In the above example, we ma 


y verify that 3 is a zero of the polynomial, 
Thus if a polynomial has no integral zero 


» it does not mean that it has no Zeros, 
The general methods of finding zeros of a 
to be studied in this book. However, in s 
zeros of such polynomials, 
full detail in the next chapter. 


Polynomial of degree 3 or degree 4 are not 
pecial cases, we may be able to find all the 
The zeros of a polynomial of degree 2 will be Studied in 


Exercises 2.6 


1. Show that 1, 2 and 3 are zeros of the polynomial y? 


—6y*--11y—6, 
2. Show that the zeros of the polynomial y3-F12y?4-41 


y+30 are —1, —5 and —6, 
3. Show that + is a zero of the polynomial à 


2x*4-7x—4 

4. Show that 2 is not a zero of the polynomial 
x*—7x--12 

5. Which of the numbers 2, 3 and —4 are the zeros of the 


Polynomial 
2x*?--7x—4 ? 


POLYNOMIALS : 29 


6. Show that the following polynomials have no zeros : 
G) х2+4х+7 
Эй) 4x®+12x+11- 
(ii) 21-4225 _ 
7. Find the integral zeros of the following polynomials : 
(i) 6x3--23x?—5x—4 
(i) 4y3—8y'—y 2 
(iii) z12-4234-222—4z—3 ; 
8. Prove that the following polynomials have no integral zeros : 
(i) 28+4z+7 ] 
(ii) 2z4+4z°+3z2—2z—2 
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CHAPTER 3 


Quadratic Equations and Their Applications 


: ial 
1 Linear Factors of a Quadratic Polynomia| 
З: H 


\ factorise the polynomials of ai 
: we have learnt how to i e polyn 
In the dne M. However, in this section we will limit ourselves 
inder E SRO ; À 
degree by а ет polynomial into linear Готе 5 
factorisation of t f two linear polynomials a quadratic po ynom ыа 
Is the product o as linear polynomials such as зх--4 and 2x-+1, then 
iply any ich i *--11x--4 in this case. 
f we multip ial which is бх S ; 
с тано Роа two linear polynomials Ix4-m and үш where ly 
15 In general, if we f these polynomials is the quadratic Вазора оа 
20 then the product AS of course, is of the standard form ax?-J-bx 
peto риш md v M we say that Ix+m and px+q are the factors of t 
mp and В" фәл Ua NEUE Hence, we find tbat the quadrat 
vana PRU can be factorised, if there exist two numbers r(—1q) and s(—m 
ay jal ax?-+bx : ч 
al ax. =b=co-efficient of x 
р шты ani Е 
such "mp-—Ip:mq)-—ac 
and rs(=/q UD of x?) X (constant term) eren 
=(coe bers with the above two prop B 
we find two num lynomial into the SUM OR DIFFERENCE of two terms ar 
owe fos dee grouping the terms and finding common factors. In ord. 
poem. the erem. A details, we consider the following examples: 
a the metho T 3e. | 
to note : Factorise ie ee : 
Examp - Here a=2, b—l1a d ТР 
Solution : find two numbers r and s suc 
pe Mr and ac 200510 Р 
ds the two integers whose somnis 11 ang w 
Now what peer product of r and s is positive and als 
We note that ositive. So we should determine the 
Hence r and 5 D These numbers are 10 and 1, ы 
11 апа pn middle term 11x of the polynomia 
break up um olynomial. А 
1-x--10v in the E 15 
xi 2x2115 


eak up the middle ter 


So we h 


hose Product is 19 9 
о ће Sum of r ands is positiv, 
positive integers Whose sum 
10x1—19. 


í У 104-111, No 
Into sum of the two terms ¢ 


Since the product of r and s is negative, either 
be positive. But since the sum of r 8n 
—210 will be given positive sign 2D 
Obviously, the required number 


greater of the two factors of 
the positive sign. We find 
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=2x(x+5)+1(x+5) 
=(x+5)(2x+1) 
Example 2: Factorise 3x*—17x+10 
Solution: Here 2=3, b——17 and c—10 
So find r and s such that 
r-+s=b=—17 and rs=ac=3 X 10=30 : 


Since the product of r-and s is positive, either r and s will both be positive or both 
negative, But the sum of r and sis negative. So it is necessary to find 7 and s such 
that both the numbers are megane. Thus, the numbers are —15 and —2 since 
(—15)(=2)=30, —154(-2——17 —— 
We break up the middle term of the given polynomial into (—15x)+(—2x) 
332—17x--10 7 332—15x—2x +10 
—3x(x—5-2 rm 
=(х—5)(3х—2 ә 
Example 3; Resolve into factors i ri 15 
Solution: Here a—14, b=29 and c= 


—]5)=—210 ( 
тео rs=ac=14x( 19) rors will be negative and the other will 


d s is positive the numerically greater factor of 
d the other factor will be given negative sign. 


s are 35 and —6 since 


3s(—6)— —210 and 3576 must be written as 35x— 6x. 
The middle term 29x of the uU. 
3 —6x— 
l4x?*4-29x—15—14x^ 353 9. 
1:305) - 3003 
=(2х+ Se 39 
Example 4: Factorise т 6х2—55— ijs E 
Solution: Here a—6, b= =5 and аар E à 
"V r+s=b=—S5 and rs— mem VU their sum is also negative the numerically 
Since the product of r and и eu be given the negative sign and. the smaller one 
that the required numbers are —14 and 9 since 


—]14x9—-—126, —14+9=—5 


Th break up the middle term — 5x of the given polynomial into the sum of the two 
"[hus we brea 
terms as —14x-+9x. 


6x2—5..—21— 6x2—14x--9x—21 
—2x(3x—7)4-33x— 7) 
=(3x—7)(2x+3) 
CONDITION FOR FACTORISATION OF A QUADRATIC POLYNOMIAL 


he previous part of this section we have studied that a quadratic polynomial is 
ae ssible as a product of two linear polynomials. Is it true that every quadratic 

к 3 < $ ae 
SRI is a product of two linear polynomials? The answer to this quéstion ıs not 
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in the affirmative in that it will be seen that not every quadratic polynomial is expressible 
as a product of two linear polynomials. For example it is not possible to express x*-++1 
Or UL as a product of two linear polynomials (with real co-efficients). Now 
we shall determine the condition under which the quadratic polynomi Sem 
as a product of linear polynomials. Bo ynomial сап Бг expressed 
Consider the polynomial ax*+bx-+c, a0 - 
Ў Dx c 
2 = Фе ee Le 
ax?+ bx c a[ xe a +2] NO) 


= 24 5 (2) с bow Е 
=a[ 2+ a gar 2a +s- [ aaa and subtract (2-1 


= K +2) 8 A 


Now three cases arise according as b?—4ac is- 
(i) positive (ii) zero (iii) negative 
Case I: b?—4ac>0 S 

When b?-4ac>0, V b*—4ac is defined. 
Hence from (2), we have 


ax +bx+c=a [ (+ +) / се] 
-°[(+-ь)-У До) c 


b— V b* dac ЬУ дас 
=а [+] p E x | 


So we have two linear factors, which are different. 
Case П: b?—4ac=0 
Now (2) reduces to 


cud b 
ax3 +bx+ c-a( х+ =) 


b TD 
EAE (+ 2a 1G " 2a ) 
So the polynomial ax*-- bx-Fc is expressible as the product of two coincident Ji 
; á ent linear 


factors. 
Case ПІ: b—4ac«0 


Let riand s be two numbers such that r--s— 
(r +s)—4rs <0 i.e., (r—s) <0, which is not true, 
r and ş with the given properties. 
product of two linear factors. 
Example 5: Factorise 3x?--2x4-] 
Solution: Here a—3, b—2 and c—1 
In this case, 5b*—4ac—(2)—4x3x] 
=—8<0 


...)3( 


2 


b and TS—ac, then b? 


c This shows that 
Hence we cannot express the give 


—4ас< (у gives 
we cannot find 
п polynomial aA 
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Therefore, we cannot factorise the given polynomial. 
Example 6: Factorise : 2x*+3x—7 ` 
Solution : Here we have a—2, b—3 and c=—7 
. Now we determine 5?—4ac and find that 6>—4ac>0. So we can factorise the given 
polynomial, Since b* — 4ac=65, which is not a perfect square, it is not easy to 
find two numbers r and s such thatr+s=3 and rs=—14. We, therefore, use the result 
(1) to factorise the polynomial as 


2x2 +3x—7=2 [ x + = [=+ enr ut] 


Example 7: The volume of a box is given by the polynomial V—x3—2x?—3x. 
Express the possible dimensions of the box as linear polynomials, 
Solution: We know that 
ЁК IX 3x 
= x(x? — 2x — 3) 
= x (x — 3) (х + 1) 
Volume of a box = length X breadth x height 
.'. the dimensions of the box are 
رب‎ = 3,1 
The dimensions of «he box are not unique. They may also be 


25 2x — 6,x + 1, etc. 


Exercises 3.1 


{. Factorise each of the following polynomials, if possible : 


(i) x? — 7x + 12 Gi) 62 — 112 +3 
(Gi) Paar caer a (iv) ose} 
(EX (1 + V2) x F V2 (vi) 8x? —10xy — 7y? 
(уй) 6x3 — 15x" — 36x Gili) rpx* + Qgr — p?) x — 2pq, 
/ г52 0,р 40 


(x) рх? + (4f — 34) x — 12pq, p #0 

(x) = 2 - 3x +7 (xi) 1— 4x = x? Qi x? + 10x —2 
(xiii) aby + 2abcy + с, а 5 0, b #0 

(xi) abx? — ах + 1 — х,а 0,6050 


Qo) 2 + 92 + 8 ў (xvi) x9 + 5x3y + 4y? 
(хуй) xt + 28у? — 15у“ ишко S> © 
(xix) x"—x—2 OF ух 0 


whose sides аге the linear polynomials with real coefficients ? Explain. 


MATHEMATICS 
3. Isit possible to have a rectangle whose area is p; > 
: : 1 ea 15 given by 8x? — — 15 and 
whose sides are linear polynomials with real aie 2 E 1 Re 
4. E volume of a box is given by the Роша" 5? xplatin. 
mn н чабу үз, 7 : Я J 
polynomials. press the possible dimensions of the box as linear 
5. The volume of is gj, 
V = 2224 je in аўт бу the polynomial 
polynomials. ~ 28x. Express the possible dimensions of the box as linea 


32 Graphof a Quadratic Function 
We bave already learnt bow to find zero (s) of a quadratic polynomial and also have 
learnt how to factorise a quadratic polynomial into two linear factors wherever possible. 
ny problems in business, social Sciences, natural sciences, life sciences 
ete. which can be expressed in terms of quadratic polynomials. However, the study 
of such problems becomes convenient and eas» when we study the quadratic polynomials 
graphically. 

Let us now consider one such problem. 


A ball is thrown vertically upwards with a velocity of 25m per second. Itis known 
that the height “у” in metres attained by the ball after “x” seconds of time is given by 
y =— Sx? + 25x 
How do we draw the graph of the above function ? 
Let us take some values of x and calculate the corresponding values of y (x and y can- 
not be negative). We are giving some of them in the following table : 


There are ma 


x ‘0 1 2 3 4 5 
(in secconds) 


у 
(in metres) 


Can you plot these points and tracea smooth curve? 
in figure 3.1. 

The graph of such a tunction is called a 
from this graph : 

At x = 2.5, the ball attains the maximum height, as shown by the point C in T 
3.1. Thereafter, the ballstarts falling downward. The point “C” is the EN 
and is called the vertex of the parabola. One half of the parabola is a reflection 
(mirror image) of the other about the vertical line passing through the Vertex. We say the 
parabola is symmetrical about this line which is called its axis of symmetry, Here the 
axis of symmetry is the vertical line whose equation is x — 2.5, 


à The parabola Crosses 
x-axis where the value ofy iszero. Thus, the values of x Where the parabola Crosses 


The time-height curve is given 


parabola. We make some Observations 
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Y. 
L 4 
40 
T a 
ш 
= 30 
rm 
= 
Z 
+ 20 
ae 
[9] 
D 
xr 
10 
X 
TIME INI SECONDS 
Fig. 3.1 
the x-axis аге the zeros of the polynomial —5x* + 25x. From the graph we find that 
0 and 5 are the zeros of the polynomial. 
| 
j E 
ni > 
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However, you must have noticed this kind of curve at several places. When a 
cricket ball is hit, the path it takes is approximately a parabola. The section of a 
right circular cone by a plane parallel to its generator is a parabol: (Fig. 3.2). 

There are several important properties of such functions ana their graphs, which 
we shall study іп this section. 

Quadratic Functions : The function defined by 
p = ax! + bx + с where a= 0 
is called a quadratic function. , 

The graph of such a function is always а parabola. 

The direction in which the graph ofa quadratic function opens depends upon the 
sign of the co-efficient of x*. : 

However, the following additional steps help us in’studying the behaviour of the 
graph of a quadratic function in more details. 

We have the quadratic function 


у= ax + bx + або 

b c 
m= 2 BHN 238 
а [ x зр a ak a 

b b: С b? 

= = QUEE ne ELE 

d [> + а e zt a 4a* 
p: 


b \?, —D 
x+ ОЛ ) ЕЕ where D = b? — 4ac 


D is called the discriminant of the quadratic polynomial. The quantity (x+ Ay Ф 
2а 


—b е br 
equal to 0 when x = 5, and is positive for all other values of x. So this value of 


—b_ i А 
== yeilds the least value of y when a > 0 and the greatest value when a < 0. 


—h 

Hence (x 
is the point of maximum value when a < 0. This point is called the Vertex of the 
parabola. The parabola opens upwards if a > 0 and opens downwards if a — 0. 

Thus, in order to draw a smooth graph of the quadratic function we adopt the 
following procedure : 

(i) Write the quadratic polynomial in the standard form, 
(ii) Determine the zeros of the polynomial, if they exist. 
(iii) Determine the point where the curve intersects y-axis. This can be done by 
putting x = 0 in the given function and then calculating the value of y. 


d =2) is the point of minimum value of the function when a > 0 and 
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*(iv) Determine the vertex, i.e. (= AP ) 

**(v) Prepare a table for the values of x and corresponding values of y (generally two 
or tbree points on the left and two or three points on the right of the vertex are 
sufficient). 

(vi) Draw a smooth curve, through these points. 
We illustrate the procedure with the help of the followiag examples. 
Example 1: Find the zeros of y = x° — 4, if they exist, and graph the quadratic 


function. 
Solution: I. Putting у = O and solving for x, the values of x so obtained will tell 


as where the curve crosses the x-axis. 

0—x—4 

0 = (x — 2) (х + 2) 
So x=2 or х=—2 
Thus, the curve intersects the x-axis at x = 2 and at x =— 2, 
Since the co-efficient of х? is positive (+1), the parabola will open upwards. 
IL Putting x = 0 in y = x? — 4 and solving for y we get 

y —— 4 i.e. the curve intersects the y-axis at (0, —4). 


—b 0 
III. The vertex occurs at x = = = ue 
4ac — b? 4x1(—4)—0 
and at y = — pja SSM mm Ed 


i.e. the vertex is at (0, —4) 
A table of values of x and the corresponding values of y of the function y—x*—4, on 
either side of the vertex will help us to sketch the graph accurately. One such table is 


given below : 


| 
The graph of the function is shown in figure 3.3. , 
Example 2: Find zeros, if any, and the vertex of the graph for the quadratic 


function у = x? + 2x —3, and also draw its graph. Also graph the axis of symmetry 


for this function. . 
Solution : I. We have the function 
y =x? + 2x — 3. The zeros of this function can be obtained by 


utting y = 0 and then solving for x. 


ee 
L— in the given function. 


*y-coordinate of the уегќех can also be found by putting х= = 
**Having traced thecurve on one side of the vertex (or the axis of symmetry), we could have its 
mirror image in the axis to get the curve on the other side, 
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Fig. 3.3 
0 = х + 2x —– 3 
= (х + 3) (х — 1) 
>x—1=0 ох+3 = 0 


i.e. <= 1 огх==з3 
Thus, the graph of the given function will intersect x-axis at (1, 0) and (—3, 0). 


Since the co-efficient of x? is positive (+1), the parabola will open upwards. 
II. Put x = 0 in the given function and solve for y. 


We have y =— 3 i.e. the curve intersects the y-axis at (0, —3). 

III. The x-coordinateiof the vertex is 0 —2 __ 1 
2a 2х1 

and теу coordinate is SD шах (зуд 


i.e. the vertex is at (—1, —4) 
Therefore, the axis of symmetry is the line x —— 1. 


x 
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y) for some values of xand the corresponding values of y for 


IV. Plot points (x, 
+ 2x — 3 (see table given below). 


the function y — x? 


D 2 F 0 2 | EM 
| 
y T —4 =з 5 5 


The graph of the function is shown in figure 3.4. 
Y 


ES 


AXIS OF SYMMETRY 


-4 
VERTEX 


Fig. 3.4 
Example 3: Graph the function’ 
ЛО) =— 2x: + 4x 
Label the vertex and write its coordinates. 
Also graph the axis of symmetry. 
Solution: I. By Putting f(x) = 0 we determine the zer»s of the given polynomial 
The zeros are 0 and 2. b 
Since the coefficient of x? is negative (— 2), the parabola opens downwards, 
Il. Putting x = 0 in the given function we find that f(0) = 0 
The curve passes through the origin. 


Ш. The coordinates of the vertex of the parabola are given by 
b —4 


_ 220—8 4(—2) x0— 16 a2 
= 4а 4 (— 2) 
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So the vertex of the parabola is (1, 2). 
Now prepare a table for the values of x and the corresponding values of y in order to 
sketch the graph accurately. The graph of the given function and its axis of symmetry 


are shown in figure Bros 


(1,2) VERTEX 


AXIS OF SYMMETRY 


- Fig. 3.5 


- Example 4: Plot the graph of the function 
Дх) = — 2x? + 4x — 4 
Also determine the point where the function is maximum, 
Solution: I. The vertex (x, y) is given by 
Ei CUL a А 
HU FT (Ser d 
_ “Айс — b _ 4(—2)(—4)—16 . 
4a 4(— 2) Ads 
So the vertex of the parabola is at (1, — 2) 
i.e. the function is maximum at x = 1 and the-maximum value of the Biven function 
atx = 125 — 2. 
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II. Discriminant of the function — 2x2 + 4x — 4 
= b? — dac = 16 — 4(— 2) (— 4) © 
= 16 — 32 = — 16<0 
There is no zero and hence the graph does not intersect the x-axis. 
The parabola opens downwards, because the coefficient of x? is negative. 
nr f(0) = — 4 
Thus, the parabola intersects y-axis at (0, — 4). 
A table for (x, y) for the values of x on either side of the vertex at x = 1 will help. 
us to draw the graph accurately. The table is as shown below: 


Y 


x y 5 
—1 |— 10 (1, -2)VERTEX 

2|—-4 

в |p (ф 


The graph of the function is shown in 
figure 3.6. 


AXIS OF SYMMETRY 


(-1,-10) (3,-10) 


Fig. 3.6 


MATHEMATICS 


Exercises 3.2 


Graph each of the following functions. Label the vertex of each parabola. 
Graph the axis of symmetry for each function. 
G) y = 4x? (ii) y = 2x? + 4x 
(ii) y =x? — 2x +3 (iv) y = — х + 4x —3 
Graph cach of the following quadratic functions. Determine the points of 
maximum or the points of minimum values and axis of symmetry in each casc. 
(0) у= х 4+ 2х + 5 (ii) у = — 2x! — 8x 
(iii) y = —2x* (iv) y= х? — 6x + 2 
A ball thrown vertically upward attains the beight “у” (in metres) above the 
ground given by the function 
y = 112x — 16x? 
where “x” is the time taken in seconds. Determine the time taken when the ball 
attains the maximum height. 
The rate of photosynthesis ‘y’ for a certain plant depends on the intensity of 
light ‘x’ according to the relation у = 90 (3x — x?) 
Determine, without drawing tlie graph, the intensity that gives the maximum rate. 
When a small manufacturing company produces and sells from 10 to 60 units of 
ceriain items per week, its revenue in Rs is given by f 
= — x? +,100x 
where x is the number of units produced. 
Determine the number of units for which the revenue is maximum and hence 
calculate the maximum revenue. 
The sensitivity “у” to a particular drug is related to the dosage “x” by the 
function f- 
у = 10x — x? 
Sketch the graph of this function and determine what dosage gives maximum 
sensitivity. 
One of the early results in psychology relating the magnitude of a stimulus ^x" 


to the magnitude of a response “у” is expressed by the equation y = kx? 
where k is an experimental constant. j 


Sketch the graph for k = 1 and k = — 2. 
The electric power y (in watts) in a 240 volt line having a resistance of 20 ohms- 
is given by the formula 
y = 240x — 20x? 
where x(in amps) is the current flowing in the line, 


Determine how much current must flow to attain the maximum power. What is- 
the maximum power that can be delivered in this circuit ? 
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9. А manufacturer finds that the cost рег chair “у” of manufacturing a certai 
ain 


type of chair is 
y = х? — 20x + 200 when x chairs (x can represent 


from 5 to 200 chairs) are produced ina given day. 
(a) Graph the given function 


(b) Locate on the graph, the cost per chair when 10 chairs are produced per day 


3.3 Quadratic Equations 
r een that the height of a ball when t = 3 * 
given by y = — 5x* + 25x, where y is the height in зоа тенеу i E 
after the ball is thrown upwards. Now to find the time (number of lends), e PE 
ball returns to earth, we may write 0 = — 5x? + 25x and solve itf Da ioie the 
values of x. Now we may check whether this equation is true for x = A e ув ог 
you think that this represents the time taken by the ball to return S or mot ? Do 
what does it represent 3 Of course this represents the time when uir s If not, 
vertically upwards. Is this equation true for x — 5? Then x — 5 ud gem 1 is thrown 
when the ball reaches the earth. s the time in seconds, 
Examine the equation 0 = — 5x? + 25x. The R.H.S. ; Ne 
mial of degree two. Thus, we call the equation 0 — — Зеба RE AR. 
ion. 


Each of the following equations is also a quadratic equation. 
?—4,2x! — 18x + 3 = 0, 6x? = 4x — 3 


[n section 3.2 we have 5 


3— 4x! = 0,7 
The standard form of the quadratic equation in one variable i 2 
e is ax? = 
where a #0. P EE 


331 Roots of the Quadratic Equation : We have factorised the polynomial ax?-- bx + 
c 


in the section 3:1 as follows : 
Case І: 2 — 4ас > 0 
ах? + bx + c -a[s- 
4 з = 
We sec that E e and 
{ " a 
are the zeros of the polynomial ax? + bx + c. 
= bu Мз UC. ud — p — Vb? = аас 
Hence ye е are the two roots of the equation. 
ax! + bx te= 0. 3 
Thus, the solution set is 


== tae e = Ж дас. 
2а irre 
2a ] 


ESTO VIDES PAG ES 
2a 


{ —b VEL dae c bo М ie 
2a 1 2a 


Gase lo b> 400 0 


1 DUNS 4ac — b? 
ае) 4a =a(x4 D 


44 MATHEMATICS 


This SONS that x — -— is the only zero of the polynomial or we say that the 
quadratic equation ax? + bx + c — 0 has a pair of coincident roots. 
> д b 
The solution set in this case isim. 


Case II] : b? — 4ac < 0. We have seen in section 3.1 that ax? + bx + c has no 
linear factors. Hence by factor theorem the equation ‚ах? + bx + с = 
roots or we say that the solution set is $. 

Alternate Method: However, we can solve the quadratic equation independent of 
the method discussed above. The method which we now follow is called method of 
completing squares. 

We have 1 ax + bx +c=0,a40 

Multiplying both sides of this equation by 4a we get 

4a?x* + 4abx + 4ac = 0 
جه‎ 4а?х? + 4abx = — 4ac 
Adding b° to both sides of the equation we get 
4a*x? + dabx + b? = b? — дас 
= (2ax + by = b? — дас 
Case I: If b® — 4ас 20 У 
then 2ax + b = + Vb? — дас 
2ax = -- b + Wb дас 
Lo cd УБ = 4ac 
2a 
Hence the roots of the quadratic equation are 


2 TILES LA I ATTESA 
c X ш апа b — Vb? = дас 
2a 
> = 
and the solution set is {= есше к = 


~ 2a 
Case П: If b? — 4ac < 0 
then (2ax + Б)? = b? — Дас is not true for any zeal valu 
E E e of 
cannot be negative. Hence the equation has по roots. Bosse ce bandied 
Example 1: Find the roots of the equation 
х®— 5x + 6 = 0 
Solution: Here 


0 lıas, no real 


x 


a=1,b=—S5a = 
“D = b — Дас = (— 5): — 4 1 X Ax 
SS ол 
> D>0 
equation has two distinct roots 
Now xt 5x 6 0 


= x?— 3x - 2x + 6 = 0 
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x(x — 3) — 2(x — 3) = 0 
(x — 3) (x —2) = 0 
x—3=0orx—2=0 
x=30rx=2 
Hence the roots of the equation are 3 and 2. 
Example 2: Find the solution set of the equation 
2) — 6y + 3=0 
Here a =2, b = — 6ande = 3 
А D=12>0 
the equation has two distinct roots. 
Let us apply the quadratic formula 
= 2 — 
Si) з= Ae up b 28€ to find the solution set. 


5503 


Solution : 


372 2a 
—(—6) + 412 
Then p 2x2 
gla _ 32 v3 
> 4 2 
Hence the solution set is { AY 3 5 ск 


Find the roots of the equation 
4t + 4¢+1=0 
4.b =4andc= 1 


Example 3: 


Solution: Here = 
HH осо 
i.e. Bc 7 
= bt b?-—4ac _ _ b n 4 
Ор Эр MS pk we FT 


Hence the root is —3- | 
Find the solution set of the equation 


Example 4: 
22—32+11=0 . 
—3 and c—11 


Solution: Here a=1, b= 
о (е USE 
=49—44=—35<0 


e solution set of the given equation is $. 


Find the roots of the equation 


у7 = 0 
b= = бапіс = — 13у7 


Solution : 
1 dac = 36 + 364-400 > 0 


Since D«0, th 


р = Б 
Now we apply the formula 
t — p+ Nbr = 4ас 
x a 
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— 6x 400 
24/1 

3 +10 
v1 


Hence the roots are 
vi and — V7 


Example 6: Find the solution set of the equation 
10x? + 3bx + a? — Jax — b? = 0 


Solution: Let us re-arrange the given equation in the standard form. 


10x? + (35 — 7a)x + (a — b?) = 0 
Неге A = 10, B = 3b — Ja and С = а? — P?, 
— B X VB? — ДАС 

2A 


_ — Gb = 7а) + У (36 — 7а): = 4 x 10 (а — b?) 
20 
_ — (3b — 7a) + N/9a? — 42ab F 49b* 
20 y 
= Gb = 7а) + У (За — 7b) 


3 20 
— (3b — 7a) + Ga — 7b) 
= 20 


—b 
So the roots are а 2 and £ im 


5 


Example 7: For what values of “k” the equation 
x? + 4x + К = 0 has real roots ? 


Hence the solution set is f° S =?) 


We have 


Solution: Comparing the given equation with the standard form of the equation 
we have 


а = 1,6 = 4апіс = k 
D = b — 4ас = 16 — 4k 


We know that the quadratic equation has real roots only 


if 


or 


р = b? — 4ac 20 
"^ 16—4k 20 
k<4 


The given equation has real roots only when k < 4, 
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or 


ә 


о 


Equations Reducible to 
At times, 
fication, 
| reducible to 
of such equations : 


Example 1: 


Solution : 


Exercises 3.3 


Solve the following equations, if possible : 
Q) x? — 8х + 15 =0 (ii) 3x2 + 2x —5 =0 
(iii) sz? + 122 + 10 = 0. (iv) 5х =x +1 
0) x? —4x 1-50 
Find the roots, if possible, of the fo'lowing equations : 
(i) ر4‎ = 1 у e 3 
d a + Шуу ы ы аш, 
iii) 25x(x + 1) = — 4 (iv) x? + (а — Bx = 
0) бх + a)(3x + b) = ab Lia 
Find the solution set of each of the following equations : 
(i) on 4t + 10 =0 (i) V3 + 11x + 6V3 = 0 
(шу 4N 3x° + 5х — 2V3 = 0 (i) рх? + (4p? i 
К p — 3 — 2. = SS 
6) (moe mx 20 dee Noc TX 
Determine К so that the following equations have coincident roots : 
() xê + kx +4 =0 (ii) 2x? — kx +1=0 Е 
(i) k2 — 2 = 2 (v) *+2у+КЕ+1=0 
w) p+ k2 = 2(k +1)! 
Determine k so that tbe equation 
x3 — 4x + k = 0 has 
(i) two roots (ii) coincident roots 
Determine А so that the equation 
Fees Ах АСЕ 1.25 = 0 has 
(i) two distinct roots 
Quadratic Form 
ross equations which by proper substitution or с 
; " а aft is 
dratic equations. Such equations are called err 
nsider ѕоше examples to illustrate the Fane 


(ii) two coincident roots 


we come ac 
can be transformed into qua 
quadratic form. Let us co 


Solve the equation 
y+ 32—-4=0 if possible. 


We find that the given equation is a fourth degree equation in 2 


We can re-write it as 


(2) + 32 = 4 = 0 
Put 2 = × 
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Replacing х by zwe have 
22 = — 4 ог 22 = ] 
Since there is по real root of the equation 2° = — 4, so we discard this equation and 
solve the equation z? — 1 for its real roots. 
So we get z = + 1 
-. required solution set is { — 1, 1} 
The student may verify that these values satisfy the given equation. 
Example 2: Solve for x: 
x — 7х +6 = 0 
Solution: Ву factor theorem x — 1 is a factor of the expression x? — 7x + 6 
х8 7х TG = (х 1)( х 6) = 0 
= (x — 1)(x + 3)(х — 2) = 0 
x=1,x=—30rx=2 
the solution set is {1, 2, — 3} 
Example 3: Solve 


1 1 д 
(+ 3) (2) во, х5 0 
Solution: We have 


1 
(е) (+) во EOD 
1 
Put Vp Ait) 
then хор Ll =y?—2 . Hi) 


Substituting (ii) and (iii) in (i) then equation (i) reduces to 
ОЕ yc 60 


һе. у + 4у.+ 4= 0 
ог (y + 2? = 0 
ie. > P —2 ин, 
Now replacing y by x + Es in (iv) we have 
E EE 2 
x 

ot : х? + 2х 4-120 
ог @& +1)? = 0 
ie x= — | 


Thus, — 1 is the only solution of the given equation, 
Example 4: Solve for x . 
3x14 31-2 — 9 
Solution : We can write the given equation as 
1 : 
ot! — i 
eid ea = 2 we (i) 
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Now put 3*71 = y. Then equation (i) reduces to y + SUY — 2 
» 
or ر‎ - 2y +1 = 0 
Le. (у = 1) = 0 
ie. ] у=1 : (i) 
Replacing y by 3*7 in (ii) we get ir 
371 = 1 
i.e. 37-1 = 30 


Since е bases are same on both sides of the equation so equating their exponents 
we ge 
x—1=0 
The solution of the given equation is 1. 
The reader may check that the equation is satisfied by x = 1. 
Example 5: Solve the equation 
x+vx—2=8 
Solution: We are given the equation as 
x+vVx—2=8 
We first isolate the radical by writing the equation in the equivalent form 
Vx —2=8-x 
Now squaring both sides we get 
x—2=(8 = х)" 
= 64 — 16х + x 


On simplifying we get 
x? — 17x + 66 = 0 
(x — 11) (x = 6) = 0 
XE 11 Оо 
х= 11orx = 6 
CHECK : When x = 11 we have 


x E VE =2 E II2 


Since LHS # RHS, 
x = 11 is not a root 
When x = 6, we have 
LHS =x+Vx—-2=6+V6-2 
=6+2 
= 8 
= RHS 


Hence the solution set is (6). 
Note: As the process of squaring is not reversible, somtimes we get values which 


do not satisfy the given equation and as such are not the roots. Therefore in all 
situations like this, a check is absolutely essential before the final solution is stated 


I.e, 


Le. 
Le, 
fe, 


‘Example 6: Solve for x, the equation 


V3x—5 Бух +2 = 3 


Solution: Тһе given equation is 


43x —5 Vx +2 = 3 


This can be rewritten as 


V 3x —5=3-—vx4+2 


Squaring both sides of equation (ii) we get 


3x — 5= 9 + (х + 2) – 6ух +2 


Simplifying we get 


2x — 16 = — 6x +2 
x—8=—3Vx+2 


Squaring (iii) we get 


By putting these values of x in 


(x — 8)? = 9(x + 2) 
x* — 25x + 46 — 0 
(x—23(x — 2) = 0 
х= 23 or x = 2 


the given equation. 
Thus, the solution set is (2). 


Exercises 3.4 


Solve the following equations : 


1. x*— I3x'-F 36 =0 

2. 92* + 25 = 30z* 

3. x*—4x*b x +2 =0 

4. х3 — 6х? + 11× - 6 = 0 

5. xt —2x! — 2x? 2X -- 1-0 
1 D 

6. (+ ж)—3(®—-к)—2=о, x40 
1 1 

7. (=+->)+(«-41)-ю-о, x30 


10. 
11. 


dn x)- (x + +)-1=0, хо 
22= + gett = 4 —2* 
164"* — 16-25 +1 =0 
228+ = 65(2* — 1) + 57 
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o. (iii) 


(i) and verifying we find that only x = 2 satisfies 
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1 


S 


2x —3 


pase 0. x+3 

ui 7 NITE —2; xz — 3х5 0 
N x zs 13 

p 1—x т х SETA 3х5 0,х 51 


15. Vax +x —2 +1 = 2х 

16. Р а 4/25 — xi —1 

17. 2Vx-1 —V5-*2x =1 

18. Vàx 454 4x—2——2 

19. М = 1—2) + М/(®— 3)(%— 4) = 2 

20. Vat x34 У x 6-3 
3.5 Solutions of Problems involving Quadratic Equations 
There are many word problems which cau be solved by mzans of quadratic equations. 
The method for setting up the necessary equation is more or less the same as for the 
word problems which we studied in the previous classes. Sometimes only one root of 


‘the quadratic equation has a meaning for the problem, Any root not satisfying the 
conditions of the given problem must bs rejected. We consider such word problems 


which involve applications of quadratic equations. 
Example 1: The sum ofthe two numbers is 12. Thesum of their squares is 80. 


Determine each number. 
Solution: Let one number 


(QAM (а) ALA 


m 


be x and the other number be y. 


The sum of the numbers is 12. 

xty=12 f E 
The sum of their squares is 

x? + у? 80 1b. 


Substituting the value of y from (i) in (ii) we get 
2 12 — x 80 
а 21254-30 0 
(x — 4x — 8) =0 
x—4-0orx — 8 = 
х= 40гх = 8 

Now from (i) when х = 4 we 
or when х = 8 we get = 4 


The numbers are 4 and 8. Уз : 
CHECK: . According to the given ccnditions 


sum of the numbers should be 12. 
Now 4 +8 = 12 


$593 


get y= 8 
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The condition is satisfied. 

Also sum of their squares should be 80. 

Now 4? + 8? = 80 

Therefore this condition is also satisfied. 

Hence the solution is correct. 

Example 2 : -In the game of cards, Subhash scored 3 points more than twice the 
number of points Promila scored. If the product of their scores was 65 points, how 
many points did each score ? 

Solution: Let the number of points scored by Promila be x. Then the number of 
points scored by Subhash is 2x + 3. 

Since the product of their scores is 65 we have 


x(2x + 3) = 65 
=> 2x? + 3x = 65 
جه‎ 2x* + 3x — 65 =0 
= (2х + 13)(х – 5) = 0 
= 2х+13=0огх—5=0 
= х= ee су нуы 
2 


Negative scores in the game are not permissible. 

Promila scored 5 points and Subhash Scored 13 points in 
Example 3 : A model rocket is shot straight up. 
ground level after x seccnds is given by the quadratic fun 
у = — 5x? + 200x 
Determine in how many seconds will the model TOCket be 1 
Solution: Here we have y — 1875 metres 
Substituting in the given quadratic function 


the game. 


Its height y in metres from the 
ction 


875 metres above the ground. 


we have ! 1875 = — 5x? + 200x . 

ie 'ox*—d40x +375=0 ` yis 
ie (x — 15) (х — 25) = 0 

ie. х = 15 = Оогх = 25 = 0 

E x =15огх = 25 m 


Here both the values of x are possible. Why? 

Can you plot the graph of the function (i) ? ро i 
and at x — 25. s L 

Are these the same? Why? 

Example 4: The bypotenuse of a right angled tri A : 
the shortest side. Iftbe base of the triangle i cette улг: кш twice 
determine the lengths of the three sides of the triangle. an the shortest side, 

Solution : Let the length of the skortest side be x met 
will be (x + 1) metres andthe bypotenuse will be (2x — 


and read the values of.y at x = 15 


tes. Then the length of the base 
1) metres. à 
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Now according to the Pythagoras theorem, 


(2х — 12 = x + (x + 1}? 
i.e. Ax —4x41-xx 62x 


Simplifying we get 5 
2x! — 6x = 0 
х? — 3х = 0 
x(x — 3) = 0 
i.e. x= 0orx =3 
ا‎ 
Fig. 3.7 


Since the length of the side cannot be zero we reject the value of x — 0: 
the length of the three sides of a right angled triangle will be 3 metres, 4 metres 


and 5 metres. 

Example 5: Swati can row her boat 5 km per hour instill water. If it takes her 
one hour longer to row the boat 5.25 km upstream than to return downstream, find the 
speed of the stream. , 

Solution: Let the speed of the stream be x km/h. Then the speed of the boat going 
upstream is (5 — x) km/h and the speed of the boat going downstream is (5 + x) km/h. 
According to the conditions of the problem we have 

Spy Pe .25 
5—x 54x 
Simplifying we get 
21, نے‎ 25 = + 


ох? + 21x = 50 = 0 


i.e. (2х + 25)(x = 2) = 0 
= either 2x + 25 =001х—2= 0 
1:6. х= r 2 


Since the speed of the stream cannot be negative 


== E is rejected. 
Thus, the speed of the stream is 2}km per hour. : 
Example 6: The sum of the squares of two numbers is 41. The difference of the 


squares of these numbers is 9, What are the numbers ? 1 
Solution : Let the two numbers be x and у. Then according to the question, we have 
= ot NO) 
and ey = 9 ii) 
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Adding (i) and (ii) we get 


2x3:—:50 

e x? = 25 

х= +5‏ جه 

Subtracting (ii) from (i) we have 
2y? = 32 


<> у? = 16 
е у= + 4 


So the ordered pairs (5, 4), (— 5, 4), (5, — 4) and (— 5, — 4), all satisfy the given 
conditions. So these are all the members of the solution set. 


Exercises 3.5 


1. Find two consecutive odd integers, the sum 

2. The sum of two numbers is 40. Find the 
ig 2 

3 Fu. three consecutive integers such that the s 

. by the product of tbe other two gives 154. What are 

4. A two-digit number is such that the pr 

added to the number, the digits Interchang 

5. In a school auditorium, the Humber о 
Y number of rows. How many seats are in 

in the auditorium ? 4 & 

6. The number of straight lines y that can connect x points is ivan 


of whose squares is 202. 
numbers if the sum of their recipro- 


quare of the first increased 
the integers ? 
‘oduct of the digits is 8. 
€ their places. Determine 
f seats in each TOW is 8 fe 
each row if there are in 


When 18 is 
the number. 
Wer than the 
all €09 seats 


by the equation 
y= Ae = 
How many points doesa figure have if ор] 
them ? ` 5 ; | 
7. The hypotenuse of a right angled triangle is 25 metres long. The difference 
і between the lengths of the other two sides is 5 metres Find the lengths of the 
other sides of the triangle. 


8. Vikram wishes to fit three rods together in the Shape of a right angled адь, 
^ The hypotenuse is to be 2 cm longer than the base and 4 cm longer than the 
altitude. How long should he cut each rod ? 
9. Two trains leave New Delhi Railway Station. The first train travels ones 
ў and the second train due-north. The first train travels 5 km/hr faster than the 
second train. І f after two hours they are 50 km apart, find the average speed of 
each train. 


y 15 lines can be drawn connecting 


& ————— a" 
u 


QUADR 


10. 


11. 


12. 
13. 


14. 


15. 


16. 


17. 
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Varun wishes to start a 100 sq. m rectangular vegetable garden. Since he has 
‘or fencing, he fences. three sides of the rectangle, 


only 30 metres barbed wire fi 
letting his garage wall act as the fourth side. How wide is his vegetable garden ? 
Ashwani can row downstream 3 km/hr faster than he can row upstream. He 


finds that he can row pne km upstream and back to his starting point in one 
hour. What is his speed while going downstream 7; 

A motor-boat moving at 9 km/hr in still water goes 12 km downstream and 
comes back in total of 3 hours. Determine the speed of the water. 

Ashu is m years old while his mother Mrs Veena is m? years old. 5 years hence 
Mrs Veena will be three times as old as Ashu. Find their present ages. 

The sum of the ages of a father and son is 45 years. Five years ago the product 
of their ages Was four times the father's age atthat time. Find their present 


ages. х 
The difference of the squares of two numbers is 45. The square of the smaller 
number is 4 times the larger number. What are the numbers ? 

The hypotenuse of a right angled triangle is 3 У 10 cm. If the smaller leg is 


tripled and the longer leg is doubled, new hypotenuse willbe9 V 5cm. How 


long is each side of the triangle ? 
ea of a smaller square is subtracted from the area of the larger 


i ar 
pid n ill be 14 sq. em. However, iftwice the area of the 
mcn) squ e times the area ofthe smaller square, the sum 
will be.203 sq. сш. How long is the side of each square ? 
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CHAPTER 4 


Factorisation, Highest Common Factor and Least 
Common Multiple 


4.1 Introduction 


A polynomial in this chapter will always mean a polynomial with real coeffici 
nave learnt in chapter 3 how to factorise quadratic polynomials into ae cients. We 
We may emphasise again that sometimes it is not possible to er сыз factors. 
polynomial into two linearfactors. This happens precisely when its E a quadratic 
negative. We came across examples of some such polynomials in chapter ЕДЕ, 18 
In this chapter, we shall learn how to factorise some polynomials ROSA 1 n 
degrees. At the outset, it may be stated, without proof, that a cubic d du 
always be factorised so tbat at least one of the factors is linear and e угшн сап 
Чергее four can always be factorised into two quadratic factors, which M ynomial of 
be factorisable into linear factors. We always try to factorise se y or may not 
factors, if possible. y polynomial into linear 
We now obtain the factors i 7 : 
illustrate : of some special polynomials, along with some examples to 


4,2 Factorisation of x? + y? 


Let f(x) = 2? 9 
We find that f(— у) = (— )* +y = 0 
Thus x — (— y) = x + y is a factor of the i 
G polynomial x3 3 
We now divide x? + y? by x + y to get the other Faster, 1m 
7ے‎ ху + у? à 
E 
Жср 
= жу + у? 
— х?у — ху? 
xy? + у? 
xy? + уз 
SRO ав 
Thus, x? + y? = (x + y) (x? — xy + y?) 
We now examine x? — xy + y? for further factorisation. 
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Considering the factor x? — xy + y asa quadratic in x, we have 
Discriminant D = (— у) = 41у? 
= — 3y? 

which is negative. 
Thus x? — xy + y? has no linear factors and so 
Formula 1: x3 + y? = (х + у) Gà — xy + y) 
We now illustrate the use through some examples. 
Example 1: Find the factors of x3 + 27? 
Solution: х3 + 27y? 

= x + (3y)? 

= (x + 3y) О? — 3xy + 9y?) (using formula 1) 
Example 2: Factorise 64x? + 125y? 
Solution: 64х° + ر125‎ 

= (4х)° + (59) 

= (4x + Sy) (16x? — 20xy + 25у?) 
Example 3 : Find the factors of 3 3y? + 8 


Solution: 3 V3 у? +8 
=(V3 у) +2 E 
= (У3 у +2) (3 — 2у 3 у+4) 
й 1 ys 
. 26) E 
Example 4:  Factorise 8x" 4 155 
м, à уз 
Solution: 8х + 15 
3 
=a + (3) 


КЕ x) 


БО 
Example 5: Find the factors ofa? + E 
3 |. 
eile b2 
Solution: a? + g 
iv e 3 
2 
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Exercises 4.1 


Factorise the following : " 
lo x41 2 216 аз 
3. atta 4. 8x3 125a 
3 E] 
5. 27438 7/75 6. а HSV د‎ 
3 
Ta mua 5? 
343 Rae CU Cem 
М? 34/3 
9. 8(x + yy + 27(x — ууз 10. уф zs 
us 1259 + 2 D. 5452 4 gy? 
13. (а + 2b? + (2а + p 14. zy? + 72954 


4.3 Factorisation of x3 — y? 


Let us denote x3 — уз by f (x). 
Then f (y) = j — y = 0 and hence, by Factor Theorem 
x — y is a factor of x3—ys, ? 
Dividing x° — у? by x — y, we get the other factor to be x2 
d + x7 + xy 4 уг 
Exactly as in section 4-2, we can show that x? y". 
linear factors. Thus, we have : at x^ + xy + ys 
Formula 2: x? — y? = (x — y) (x? + xy + у? 
Aliter : Here is another method of finding factors of x3 
بر‎ — уб х (y 
= {х + (—») {x? — x(—y) + (у)? 
7)3 (by f 
= (x — y) (x? + xy + y3) (by formula 1) 
The use of this formula is also now illustrated through the exam 1 i 
Example 1: Factorise 64a? — b? Pies which follow, 
Solution: 64a? — b? 
= (4a) — b? 
= (4a — b) (16а° + dab + b?) (by using formula 2) 
Example 2: Find the factors of 1255? — 27y3 
Solution: 125x? — 27y3 
= (5x)! — (3y)8 4 
= (Sx — 3y) (25x? + 15xy + 9y?) è 


— 3 
Example 3: Factorise 16у 2a3 — = 


Cannot be factored into 


— уз, 


3 سے 
Solation : 16 V2 аз — A‏ 
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-avza (9)‏ 
T)‏ + + )چ ہے د)- 


Example 4: Factorise 3 МЗ y — 82 
Solution: 3 V 3 у? —82° 
= ) 3 y} — (222) 
-(V3»-22)G* +2 A/ 3 yz? + 42%) 
3 5 


Example 5: Find the factors of gy? — 27 


ion : و‎ 
Solution: 8Y 27 


Exercises 4.2 


s in each of the following cases : 


Find the factor 

Те Баз 8b* 2. 2a3 — 16 

3. 27 — 8х2. 4. 250x* — 167° 

5. 5 У 5а? — 343 6. 3 V3x3 - 5 у 5уз 
7. a* — 64 E E 

3 
9, 8 10. x* —y* 
E 11, abt — 8a*b 


4.4 Factorisation of x? + y3 + 22 — 3xyz 


We notice that аја а 
= х8 + ر‎ + 3ху (x + y) + 
— 3xy {2 + (х +} 


— (x +y) z + 2} — Зху (ху + 2) 
[using formula 1] 


z3 —3xyz — 3xy (x + у) 
[adding and subtracting 3xy (x + y) 


= (х + Ж + 
= (x +y + 2) {œ t» 
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= ) +y + z)p* Fy? + 2xy — xz — yz + 22 — 3l 
= Gb y +2) pg y + 2? — xy — yz کے‎ zx] 
Formula 3: x? + y3 + 2% — 3xyz = (x + y + 2) (x2 + y? + z — xy — yz — zx) 
Corollary: If x + у +2 = 0 then x? + уз + 23 = 3xyz ^ 
Clearly ×2 د2ا در‎ 3xyz тїз: 
ES (x + y + z) G* + y* + z? — xy — yz — zx) 
=0 ifx + y+ z= 0 \ 
Thus, x3 + p2 + 2° = xy f x py 2 = 0 
Now we solve some examples in the following using the above formula. 
Example 1: Factorise 8x? + 27у° + 125z* — 90xyz 
Solution: 8x? + 27y3 + 12523 — 90xyz 
= (2x)® + Gy? + Gzy = 3(2x) (3y) (52) 
= (2x + 3y + 52) (4x? + 9y? + 252! — бху — 10xz — 15yz) 
Example 2: Find the factors of 27x° — у? + 823 + 1geyz 
Solution: 27x? — y? + 823 + 18xyz 
= (3x)? + (~y) + Q2* — 3(3x) (—y) Q2) 
= (3x — у + 22) (9x? + y? + 42° + 3xy — 6xz + 2yz) 
Example 3: Factorise aê — 8y? — 12523 — 30a?yz 
Solution : 
aê — 3ر8‎ — 12523 — 30a*yz 
= (a°) + (-2y? + )=52( —3 (a4) (—2y) (52) 
= (at — 2y — 52) (at + 4y* + 2528 + Daty + Satz 10у) 


(by fi 
Example 4: Find the factors of y formula 3) 


EE Ro» I 
х? — у? + 8z* + 6(xyz) 
Solution : nea 
x — уй +828 + 6(ayat 
= буз + (o + оу —3 (4) (уў) (228) 
= о уў +220) унау) — 2)2 299 
Example 5: Show that (b—c)? + (c—a)s + (a=b) = 3(5 
Solution : Let b—c=x, c-—a=y and a—b—z 
Then x +y+2=b—c+e—a+a—b=9Q 
Hence, by corollary we get x? + у? + 23 = 3xyz 


Replacing x, y, z by their respective values we get 
(b—cY* + (с—а)% + (а—Ь)% = 3(b—c) (c—a) (a—b) 


—€) (c—a) (a—5) 
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Example 6: Show that а? (b—c)4-P (c—a)? + с? (a—b)?=3abe (a—b) (b—c) (c—a) 
Solution : Suppose that a(b—c) — x, b(c—a) = y and c (a—5) = 2 : 
Then, x+y+z=a(b—c)+ b(c— а) + c (a — b) 

= ab —ac + bc — ba + ca — cb 

=0 
and so x + 3ر‎ + 23 = 3xyz 
or аз (b—c)® + b? (e—a) + c? (a—b)® = За (b—c) b (c—a) c (a—b) 

= 3abc (b—c) (c—a) (a—5) 


Exercises 4.3 


1. Factorise the foliowing : 


@ aa — b + с + 3abc Gi) аз — Sb? + 125c? + 30abc 
m b? ; 
(iii) 8d —-g- — c — 3abc (0) 27У 2а +1 + с —3 4/2 abc 


2. Find the factors in each of the following parts : 
(i) 7b + e + 6b%c (i) 1 + b3 + c? — 3be 
Hint : Write 75% = 8p — b° 
(iii) ad — 8 + 125c? + 30ac 
3. Prove that 9F. 
(ьс)? (b—c) + (c7 a* (с-а)? + (a— b? (a+b)? = 3(a2— b?) (°— с?) (с —a) 
4. Factorise : 
@ x + ر‎ + 2% П 
(ii) + y - 8 ifx ر کک و‎ 
(iii) a3 +83 -lifa-cl-—-— 2b 


(0) 2V2 +1 + 8-3 42 с 


4.5 Factorisation of x!— у 


We find that 
payee — 0 
= (x? —y?) ) y?) [since a — p? = (a — b) (a + b) 
-(x—G»6 Шр) 
We can show that x? + y? cannot be factorised into linear factors. Thus we have 
Formula e Cl (x— у) (x--»G ty) 
Now we use this formula in the following examples to illustrate its use for 


factorisation. 
Example 1: Factorise a — 16 
Solution: a*— 16 = at — 2* 


= (a — 2) (a + 2) ) +4, 
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Example 2: Find the factors of 25x4y4 — z4 
Solution: 25x1y* — z4 
—(*5xyy—z 
=(V 5 xy —2z(wv 5 xy + 2) (5х2у° + zt) 
Example 3: Factorise За — 243a* 
Solution: 3a — 24365 
= 3a (1 — 81а) 
= 3a[1 — (3a)4] 
= 3a (1 — 3a) (1 + 3a) (i + 9a?) (by formula 4) 
4 4 
Example 4: Find the factors of x 3 — 16у 3 
\ 4 Е 
Solution : x* — 16y* 
= бу — ob 
А 2 
= ой — ay) ei + 2) 4б) 
Example 5: Factorise а — 49b* 
Solution: а* — 4954 


a5 — (V7 Б) 
(a — V7 b) (a + V 7 b) (a? + 782) 


Exercises 4.4 


1. Factorise the polynomials in each part : 


(am . Gi) 16a* — 625b* 
(iii) a*b* — а? (v) x* — ув 
fet үт А 
0 xy (vi) х° — 81у 
(vii) x*— 9y* 


2. Show that (a--1)! — at = (2a+1) (2a?+2a+1) 
3. Show that (2x4-1)! — (2x—1)4 = 16x (4x?+1) 
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4. Show that the difference of the fourth powers of two consecutive even integers 


is divisible by 16 but not by 32. 
(Hint : Two consecutive even integers аге 2л and 2n+2.) 


5. Show that the difference of the fourth powers of two consecutive odd integers 


is divisible by 16. 
(Hint : Two consecutive odd integers are 2n—1 and 2n+1.) 


ау 
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H.C.F. AND L.C.M. OF TWO POLYNOMIALS 

We have already learnt in earlier classes how to find the Highest Common Factor 
(H.C.F.) and the Least Common Multiple (L.C.M.) oftwo numbers. The concept of 
H.C.F. and L.C.M. can be extended to polynomials also. We will here study the H.C.F. 
and L.C.M. of only those polynomials which have integral coefficients. 

We illustrate the concept of H.C.F. through some examples solved below. 

Example 1: Find the Н.С.Е. of x? and x. 

Solution: We find the sets of factors of х? and x? first. 
(1, x, x°} and the set of factors of х5 is (1, x, x°, X°, x, xy 

Now we find the set of common factors, which is {1, х, x?) and this is the inter- 


section of the sets of factors of x* and x*. 
Hence the H.C.F. of x? and xî is x?, being the common factor of highest degree. 


Example2: Find the Н.С.Е. of (x—2) (x--2) and (x+2) (x+3). 

Solution: The. set of factors of (x—2) (x+2) is (1, (x—2), (x-+2), (x—2) (x-+2)} 
and of (x+2) (x+3) is (1, (x +2), (x+3), (x+2) (x+3)}. 

Thus, the set of common factors is (1, (x--2)). 

We now notice that (x4-2) is the common factor of hi 


H.C.F. 
Example3: Find the H.C.F. of x? —3x--2 and х?--6х—7. 
Solution: We factorise x2—3x+2, and see that х®—3х-Е2 = (x—1)(x—2. The 
set of factors of x*—3x--2 is thus (1, (x—1), (x2, (х=) (x-2) 
In the same manner, we find that the set of factors of 
x2-+6x—7 is (1, (х—1), (x+7), (х—1) (x+7)} EY 
The set of common factors is (1; (x—1 and thus the H.C.F. 1s x—1). 
А jals (x) and i б 
Noo 0 авта 
ш j Sm ar fole (3) and g(x), that is ^ (x) is a common factor of f (x): 
i) h(x) isa factor 
and g (x). \ оп 
(ii) The degree of h (x) is pighest э P 
. It is a convention to take B. Е. 
an x js iti 
positive. sch the C.F. o 


The set of factors of x? is 


ghest degree and hence is the 


n factors of f (x) and g(x). 


the commo d 
f the highest power 


h that the co-efficient O 


f two non-zero polynomials f (x) and g(x) 


The above two propertie s spa HOE 
lead us to the following procedite rs ae x) im the complete 221 оа 3 a 
і " i near fac 
l. Express the polynomials r linear factors and quadratic factors if linear factors 
product of numerical fac ^» 
ible. к ef(andg@). — 
2. mede. of the numerical fate | the two polynomials f(x) and g(x). 
> ctors hest pov a of common factors and the H.C.F. 


T е 

Find the factors of hig t est power 

4. Find the product of al pot mU P^ p. of f (x) and s (%)- 
1 

of the numerical factors. 

We solve a few more examples. 
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Example 4: Find the Н.С.Е. of 6x? — 18x + 12 and 8x? — 48x? + 88x — 4g 
Solution: Expressing the two polynomials in the factored form we get 
6x?—18x+12=6(x—1)(x—2) and 835—48x*-- 88x —48—8(x—1)(x—2)(x—3) 

The H.C.F. of the numerical factors 6 and 8 is 2. The highest power common. 
factors are (x—1) and (x —2). Hence the Н.С.Е. is 2(x—1) (x—2). 

Example 5 : Find the Н.С.Е. of x?--8x*--14x4-6 and харх], 

Solution: Factorising the two polynomials, we get 

x? + 8x? + 14x + 6 = (x + 1)? (x + 6) 

and x? + x? — x — 1 = (х + D*(x—1). The highest power common factor is (x-4-1)?, 
There are no other common factors and hence the Н.С.Е. is (x +. 1)°. 
We have learnt how to find Н.С.Е. of two polynomials throu 
tion. The H.C.F. of two numbers can be found by a process of Successive division also. 
This process may also be used for finding the H C.F. of two polynomials, 

It sometimes proves to be simpler than the earlier Process. We shall now solve- 
some examples to illustrate this process. 

Example 6: Find the H.C.F. of x? — 5x + 6 and x3 — 2xt- x2 

Solution : We divide one polynomial by the other. Here we divide xX3—2x1!4-x—2 
by x?—5x--6 because х? — 2x* + x — 2 is of higher degree. ۴ 

ez) 
х2—5х+6 )х —2x* x —2 


x? — 53? + бх 


gh the process of factorisa- 


Sp YE 
3x? — 15x 4- 18 
10x — 20 


The remainder is 19x — 20. To make the process sim le i x 
by numerical factor 10, which is common to the two irm ced MAE a 
x — 2, which now becomes the new divisor and the earlier divisor x? — em We get 
dividend. + 615 new 
We then have 
چ‎ ® 
x—2)x*:— 5x +6 
x? — 2x 
= 3% E6 
—Sxcb6 
0 


Since the remainder is zero row, the process stops. The | 
Н.С.Е. of the two polynomiais. We may try to find the Н.С.Е 
also and we will see that it is the same. 
Example 7: Find the H.C.F. of the polynomials 
х* p xè + 3А + 2x + 2 апа 233 — x* + 4x — 2 


ast divisor (x — 2) is the 
: by the earlier method 
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Solution: We divide x! + x3 + 3x? + 2x + 2 by 2x? — x? + 4x — 2. Why? 
EE 
2x3 — x? + 4x — 2 ) xt c ×3 + 3х2 2x 2 
xf = OX 


2557 


7 ха ч OXI 
Ex Эхе 
EX DER 
7х% 7 
x EE 
1 XS 7 A TUE 
The remainder is TA Е VR NT (х? + 2). We remove the numerical factor i to 


avoid fractions in the next division, so the new divisor is x? + 2 and the new dividend 
is 2x8 — x? + 4x — 2. We start the division process again. 


2x — 1 
aye DPA. 
2x3 + 4x 
ee 
eR TD 
с 


Since the remainder is zero now, the process stops. The last divisor is х? + 2. Hence 
the Н.С.Е. isx^ + 2. И may be noted that this process gives Н.С.Е. more easily in 
this example, since it is not easy to factorise x* + x? + 3x? + 2x + 2. 

Allied to the concept of H.C.F. of two polynomials is the concept of Least Common 
Multiple (L.C.M.) of two polynomials. Just as the method of finding H.C.F. of two 
polynomials follows the pattern of finding the Н.С.Е. of two numbers, similarly the 
method of finding the L.C.M. of two polynomials follows the pattern of finding the 
L.C.M. of two numbers. 

We will now learn how to find the L.C.M. of two polynomials through some solved 
examples below. 

Example 8: Find the L.C.M. of 4x? and 6x‘. 

Solution: We notice that the L.C.M. of the constant factors 4 and 6 is 12. Also 
the L.C.M. of x? and x‘ isx*. Using the method of finding the L.C.M. of two numbers 
we see that the L.C.M. of 4x* and 6x* is 12x*. 

Example 9: Find the L.C.M. of 2x? — 8 and x? — 5x + 6, 

Solution: First, we factorise the two polynomials. 

We find that 2x? — 8 = 2 (х — 2) (x + 2) 

and x:—5x46- 2 2) (х – 3) 
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Now using the method of finding the L.C.M. of two numbers we find the required 
L.C.M. to be 2 (x — 2) (x + 2) (x — 3). 
Example 10: Find the L.C.M. of the polynomials 
203 + x? — x — 1) and з (x? + 5x? + 7х + 3) 
Solution : First, we factorise the two polynomials. 
We find that 23 + x? — x —1) = 2 (x + 1? (x — 1) 
and 3G? + 5x? + 7x + 3) = 3 (x + 1)? (x + 3) 
Following the method of examples 8 and 9 we find that the required L.C.M. is 
6(x + 1)? (x + 3) (x — 1). 
Thus we notice that the L.C.M. of two polynomials f (x) and g (x) is a polynomial / (x) 
with the following two properties : 
(i) 1 (x) is a multiple of both f (x) and g(x). 

(ii) The degree of / (x) is the least among the common multiples. 

It is also a convention to take the L.C.M. to be such that the coefficient of the 
highest power of x in it is positive. 

We notice that the definition of L.C.M. of two polynomials has some kind of 
similarity to the definition of their H.C.F. Thus. the procedure for finding the L.C.M. 
of the two polynomials will have some similarity to the procedure for finding the 
ECE. 

We give below the procedure for finding the L.C.M. of two polynomials, 

l. Write each of the polynomials in the com 
of numerical factor, 
not possible, 

2. The L.C.M. is the product of the following : 

(i) L.C.M. of the numerical factors in the two polynomials. 
(ii) The highest power, common factors of the two polynomials, 


(iii) The factors of highest power, other than the com 
in the two polynomials. 


plete factored form, i.e., as a product 
linear factors and quadratic factors if linear factors are 


mon factors, present 


As we can see, we have used the above procedure for finding the L.C.M. of two poly- 
nomials. However, we have another method of finding the L.C.M. of two polynomials 
at our disposal, similar to the method followed in the case of numbers, 5 

We have 


P Product of the two polynomi 1 

1 ls = -< Jals 

A ptis EMO = ст ости polynomials 
This method of finding the L.C.M. is particularly useful in cas 
difficult to find factors of the two polynomials. We can find 
process. The L.C.M. can then be found by the above formul 


eS where it is 
the H.C.F. by the division 
a. 
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Let us verify the above formula in examples 8 and 9 solved earlier. [ 
8, we see that the Н.С.Е. is 2x*. s Rn 
According to the formula for L.C.M., we have 


4х3 .6xt 
E 


which is the same as found earlier. 
In example 9, the polynomials are 2x? — 8 and x* — 5x + 6. 
We find their H.C.F. to be(x — 2). According to the formula, 


pow Chae сз) û z0'—a(t E 
00. еу 


_ 205—2) (x+?) (х—2) (х—3) 
NI 
= 2 (x — 2)(x + 2) (x — 3) 
his the same as found earlier. 


L.C.M. — 


whic 
t as we have found H.C.F. and L.C.M. M. TA. 
find HIR and L.C.M. of polynomials ^ E ahi polynomials in x, similarly we can 
We will now slove an example to find the H.C.F. and L.C.M. of two polynomialr 
in x and у. 
Example 11: Find the L.C.M. of x? + 10x*y + 27xy* + 18y* 
and xî + 4x*y +3xy? 


` Solution: x? + 10x*y + 27xy* + 18у° = (х + y) (x + 3y) (x + 6y) 
хэ + Фу + 3xy = x(x + y) (х + 3y) 
So L.C.M. = x (x + y) (х + 3y) (x + 6y) 


Exercises 4.5 


i .C.F., by factorisation method, i 5 Ы 
s d Mere Be E ethod, in each of the following parts : 
(ii) 4x? — 16, 6x? + 24x + 24 
(iii) x? — 7х + 12, х? — 16 
(y) xa 3xt— 9x +27, x — 6x'+ 1 
(у) 4x3 — 16° + 20x — 8, 8x* — 48x? + 72 x — 32 
(vi) x3 + x? xci x'—1 
2. Find the Н.С.Е. of polynomials, in each of the following parts, using succes- 
sive division : 


G) x —9;x-—6xc9 
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(ii) 20x? — 9x + 1; 5x? — 6x + 1 
(iii) x — 9x? + 23x — 15 ; 4x? — 16x + 12 
(iv) 2x3 + 2x? + 2x + 2; 6x? + 12x? + 6x + 12 
(у) x? — 3x3 + 4x — 12 ; xt + x? + 4x2 + 4x 
Find the L.C.M. of the polynomials in each of the following parts : a 
(i) 2x? — 10x + 12; x: — 6x + 5 
(ii) x? — 1 3(x—1)? 
(iii) x? ~ 2x + 1; 5x? — 15x + 10: 5 
(iv) x3 — 12x? + 44x — 48 ; x? — 10x + 24 
(у) x3 — 9x? + 23x — 15 ; 4x? — 16x +12 
Qi) x3 + x2 + x + 1 ; 2x4 2 
(vii) x4 — yt ; x9 + 2xty — ху? — 2y3 
(viii) x? — 4x*y + 5ху? — 2y3; xs — 5x?y + 8xy? — 4y? 
(ix) x? — 10x? + 31x — 30; 2x3 — 8x? -F 2x + 12 
(x) x! — x? — 25x — 30; х? + 4x2 — 5 


E 
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CHAPTER 5 


Shares and Dividend 


51 Introduction 

Suppose a new factory is to be set up for X " 

As it is not always possible for a single person to invest such dc ер, 
регѕопѕ interested in the project form а company called a Ia n "EE amouat, some 
divide the required capital into small portions called shares E tock Company. They 
from Rs 10 (or less) upto Rs 100 (or more). Each person who may be of any value 
res is called a shareholder БЕККЕ ТЫС онд cft oe ce purchases one or more 
gets a share certificate indicating the number of shares he RA Each shareholder 
a company's capital is divided into equal portions called share in oh e company. Thus, 
persons, called the shareholders. s which are bought by 

When the factory starts selling automobiles, i 
is used in paying MMC EAE UTE, d A dee COE. Part of the income 
holder is entitled to a portion of the company's profit ка ра e ae ee 
mber o 


sha 


shares he holds. 


5.2 Shares, Dividend and Debentures 
joint stock company) so formed and registered with the government i 
* ent is 


The company ( 
s of shares, namely, preference shares 


called a limited company. Tt can issue two type: 
and equity shares or ordinary shares. 


Preference Shares 
shares are those which carry preference both regarding dividend aud 
» end and the 


return of capital over equity shares. The rate of dividend 

f - о Е 
fixed at the time of issue. Before any dividend is paid on Td / решш share is 
preference shares at the fixed rate must be paid. . shares, dividend on 


Preference 


Equity Shares 
res which are not preference shares are known as equit 
y Shares or ordinary 
inary shares. 


sha 
these shares is paid after the dividend on preference shares has b 
es has been 


The dividend ой t 
paid. The rate of dividend on these shares depends upon the amount of 
unt of profit 


available. 
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In case the company goes into liquidation, i.e. the company is wound up, the 


amount of equity capital will be repayable only after every other claim including that of 
preference shareholders has been settled. 


Deferred Shares 


In some cases a company also issues shares called deferred shares. The holders 


of such shares receive no dividend unless dividend on other shares (preference and 
ordinary) has been paid at a certain rate or rates. 


Debentures 


A debenture is an acknowledgement of a debt of a company. Debentures are equal 
parts of a loan raised by acompany. A debenture holder is a creditor of the company 
and is not apart owner. He is entitled to a fixed return every year irrespective of pro- 
fits. His claim ranks prior to preference and equity shareholders. In the event of 


winding up of the company the amount due to debenture holders must be paid before 
anything is paid to the shareholders. 


Stock 

Sometimes a company issues a certificate called the stock certificate instead of share 
certificate indicating tbata person holds a stock of, say, Rs 5000, i.e. shares worth 
Rs 5000. py 

Dividend 


When the company makesa profit, part of that rofit is divi 
, t 
shareholders and it is called the dividend. à = anda amongst the 


Market Value 


The value of a share mentioned in the share certificate i i 
eis called its i 
value or par value. ; ts nominal value, face 


If a shareholder needs his money, he cannot claim i 
1 Dey it back f, . 
ue күр ү ay = share certificate/certificates directly to a X. ws E 
through a broker. The value of the sha i i 
od i re quoted in the market is called the Market 
The market value of tbe share varie: 
performance (profit) of a company, so that 
not be the same at which he bought them. 
If the market value of a share is the sa 
КВ a me as the par value (face value) then the 
If the market value is less than the fac 


ог below par. If it is more than the face у 
above par. 


S from time to time 


dependin n the 
the price at which a ma : ‘bare 


n sells his shares тау 


е value, 


then it is said to i t 
alue,then be at a discoun 


Itis said to be at a premium 01 
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Note : 
]. The market value of ashare can be of any amount irrespective of its face 


value. 
2. Face value of a share usually is Rs 10 or Rs 100 these days. 
3. Dividend is always calculated оп the face value of a share and is generally 


expressed as percentage. 
In the following we work out a few examples to illust 
rate the i 
in the preceding pages. i «озер “op eines 
Example 1: A company declares an annual dividend of 89 i 
income of a shareholder owning 30 shares at par value of Rs 100 e 20 dw 
Solution : Annual dividend per share à 
=8% of Rs 100 
OE d 
=Rs туу Х 100 = Rs 8 
Annual dividend frcm 30 shares 
=Rs 8 х 30 
=Rs 240 
Example 2 : Find the annual dividend on 500 shares of a ith © 
E dividend is PRE par alie. stock with par value of 
terly dividend per share 
= 6% of Rs 10 


Rs 10 if 
Solution : Quar 


RENTE & 6 
= Вз og Х 10 = Rs T0 


Aunual dividend per share 


= Rs E х 4 

= Rs A 
Annual dividend on 500 shares 

= Rs 12. x 500 

= Rs 1200 


Example 3: А man holds 15 debentures of a company and receive С 
Rs 18.75 per quarter. If the dividend he receives be 8% per annum, Eis i M d 


debenture. x A 
Solution : Annual dividend of 15 debentures 
= Rs 18.75 X 4 


= Rs 75 


е the value ofa debenture — Rs x 


Suppos 
f 15 debentures = Rs 15x 


Value o 1 
Annual dividend — Rs 15x х 4997 
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6x 

CM 

75 x 5 
ie. X 6 
— 62.50 


Value of a debenture — Rs 62.50 
Example 4: Find the cost of 40 cloth-mill shares of Rs 25 each quoted at Rs 35. 
Find also the gain to the original shareholder. 

Solution : Original cost of 1 share — Rs 25 
Original cost of 40 shares = Rs 25 x 40 = Rs 1000 
Cost (Market Value) of 1 share — Rs 35 
Cost (Market Value) of 40 shares — Rs 35 x 40 — Rs 1400 
Gain to the shareholder = Rs 1400 — Rs 1000 — Rs 400 


Example 5: Whatis gained by buying 500 shares (par value Rs 100) at 1096 
discount and selling them again at 5% premium ? 
Solution : Par value of a share = Rs 100 
Market price of a shzrz 
= Rs 100 — Rs 10 
= Rs 90 
Amount invested in buying 
500 shares — Rs 500 x 90 
= Rs 45000 
Market price of a share while it is being sold 
= Rs 100+ Rs 5 
= Rs 105 
Amount obtained on selling 500 shares 
= Rs 500 x 105 
= Rs 52500 
55 Gain = Rs 52500 — Rs 45000 
= Rs 7500 
Example 6 : What income is derived by investin 
` (The phrase 11% stock at Rs 97 means the market val, 
the owner gets a dividend of Rs 11 on en 


Solution : Amount of stoc 


8 Rs 2910 in 11% stock at Rs 97? 
ue of a stock of Rs 100 is Rs 97 and 
ery Rs 100 Stock.) 


k bought for Rs 97 
s 100 


Amount of stock bought for Rs 2910 
2. 0 
= Rs 7er X 2910 
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11. 


12. 


Income from Rs 100 stock = Rs 11 
Income from Rs 3000 stock — Rs dor x 3000 
= Rs 330 


Exercises 5.1 


Find the annual dividend on 450 shares of a stock wi i 
the annual dividend is 7.5%. M x E ШО. 
Find the amount of dividend received annually by a stock holder, havin 
150 shares with par value of Rs 50 if the half yearly dividend is 5%. 4 g 
A' man holds 20 shares of a bank and receives a dividend of Rs 15 per 
quarter. If the dividend he receives be 1275 per annum, find the value d a 
share. 
Find the cost of 200 shares of Rs 10 each available at Rs 2.50 premium 
Find the cost of 220 shares of Rs 15 each available at Rs 1.50 discount ў 
What is the cost of purchasing Rs 2000 stock yielding 9% at 105 ? : 
What income is derived by investing Rs 3480 in 8% stock at 87? 
Find the market price of a 9% stock when the investment of Rs 1800 yields a 
dividend of Rs 135. 
A company declared a dividend of 6% semi-annually. Find the annual income 
of a shareholder owning 135 shares at par value of Rs 10. 
The capital stock of a Cement Companyis Rs 3,00,000 and is divided into 
3000 equity shares. If the company pays a dividend of Rs 56000, what 
amount will a person RDUM for 36 shares ? à 
buys 20 shares (par value Rs 10) of i 
A dena af Puch a price that he gets 1276 2 his К карра n Od 
value of a share. 
Naresh holds 25 shares of a company and receives Rs 137.50 = 
dividend. If the dividend he receives be 11% per annum, E т. 
a share. 
A man invests Rs 6000 in a company paying 8% per annum as dividend when 
its Rs 80 share is selling for Rs 120. What is his annual income and what 
percentage does he obtain on his investment ? 
A man sells 2000 ordinary shares (par value Rs 10) of / 
which pays а dividend of 25% at Rs 33.00 per share. He Кю Glow soe 5 
in Cotton Textiles (par value Rs25.00) ordinary shares at Rs 44 per ud 
which pays a dividend of 15%. Find (i) the number of Cotton Textiles Bares 
purchased and (ii) change in his dividend income. 


74 MATHEMATICS. 
15. A man invests a certain sum in 7% debentures at Rs 104. When the price 
falls to Rs 101, he sells out and loses Rs 600 in the transaction. Find the 
sum invested. 
5.3 Brokerage 


The stock is generally bought or sold through a broker who charges a small commission 
. called the Brokerage. The brokerage is always calculated on the face value. 


A buyer has to pay the market value together with the brokerage and a seller gets 
market value reduced by the brokerage i.e., 


Amount paid by the buyer = Market Value + Brokerage 

Amount received by the seller — Market Value — Brokerage 

In the preceding pages, we have studied some examples on shares and dividend 
which were quite simple. It is proposed to study in the following, some examples 
which include the concept of brokerage and also some others in which incomes derived 
from different investments are compared. 

Example 1: Which is better investment, 12% stock for Rs 108 or 8% stock for 
Rs 90 ? 


Solution : Suppose the total investment 
— Rs 108 x 90 
Total stock in the first case 


100 
= Rs 108 X 108 x 90 


K = Rs 9000 
411. : 12 
d= ms 
Dividen Rs 9000 x 100 
— Rs 1080 
Total stock in the second case 
100 
= Rs -o X 108 x 90 
— Rs 10800 
Dividend = Rs 10800 x —8_ 
1 100 
= Rs 864 
First investment is better. 


Example 2: A man wishes to invest Rs 2500 Hein P о, ck 

Я | vests Rs 900 in 8% sto 
at Rs 75, Rs 1000 in 7% Stock at Rs 70 and the remainder in 995 stock. If the total 
yield from his investment is 1075, at what price did he buy the 9% 


à à stock ? 
Solution :. Amount of stock in the first case 


= Rs 1200 
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Hs 8 
Dividend — R m 
s 1200 X 100 


= Rs 96 
Amount of stock in the second case 
rd HOD 
= Rs 70 x 1000 
10000 
7 
Digi uem pes t. 
7 100 
— Rs 100 


Investment in the third case 
` — Rs 2500 — Rs 900 — Rs 1000 


= Rs 


— Rs 600 
Suppose he invests Rs 600 in 9% stock at Rs X 
Stock in the third case — Rs 100. 600 
D 60000 
= Rs Y 
Toi cy 60000 "oT 
Dividend = Rs ^y — * 09 
a am 
10% of the total investment = Rs 2500 x E 
— Rs 250 


400 
96 + 100 + H 250 
X = 100 
at, ts Rs 600 in 9% stock at Rs 100. 
Example3: A company has a capital stock of Rs 2,00,000 divided into 5 
É UU, 0 
shares of 6% preferred stock and 1500 shares of ordinary stock, each with par s x 
The company declares a dividend of Rs 15500. Ifa man holds 


Rs 100 per share. d 
30 shares of preferred stock and 75 shares of ordinary stock, find the amount of dividend 


he receives. 
Solution : 
Dividend of pr 


He inves 


Total declared dividend — Rs 15500 
eferred stock per share 

= 6% of Rs 100 

= Rs 6 


Dividend of preferred stock from 500 shares 
= Rs 6 X 500 = Rs 3000 
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Remaining dividend= Rs 15500—Rs 3000 
= Rs 12500 
Dividend of common stock per share 


Dividend from 30 shares of preferred stock 
— Rs 6 X 30 
= Rs 180 
Dividend from 75 shares of ordinary stock 
25 
= Rs a. х 75 
=Rs 625 
Total dividend = Rs 180 + Rs 625 
= Rs 805 
Example 4: A man sells out Rs 5000 ofa9% stock at Rs 106 and invests the 
proceeds in a 13% stock at Rs 139. Find the amount of the new stock that he buys and 
the change in income. (Assume that brokerage is to be paid at the rate of 1% of the 
face value on each transaction.) . 
Solution: Brokerage — 1% 
Sale price of the stock of Rs 100 = Rs 106 — Rel 


— Rs 105 
Sale price of Rs 5000 stock = Rs 5000 x 752 
= Rs 5250 
Purchase price of a stock of Rs 100 
— Rs 139+ Rel 
= Rs 140 
Amount of new stock bought — Rs 90. x 5250 
; = Rs 3750 
Income from the first stock = Rs 5000 x.—2_ 
100 
= Rs 450 
Income from the new stock — Rs 3750 x 31 
100 о» 
pry 975 
mx 
= Rs 487.50 


Change (increase) in income— Rs 487.50 — Rs 450 
— Rs 37.50 


SHÁREs AND DIVIDEND 
77 
Example 5: How much cash must T 
4 pay for 500 shares of 
premium of Rs 2, brokerage 195 of the face value. If the PCT R сы 
find the half yearly dividend on these shares. What rate per cent per MIT И REE 
о I get for 


my money ? 
Solution: Cost of one share — Rs 10 + Rs 2 + Rs 0.05 
— Rs 12.05 
Cost of 500 shares = Rs 12.05 X 500 
— Rs'6025 


Annual dividend on 500 shares 
va 10 
= Rs 5000 X 100 
= Rs 500 

Half yearly dividend— Rs 250 


Annualinterest on. Rs 6025—Rs 500 


е is 500 
Annual interest on Rs 100 — Rs "6025 x 100 


= Rs 8.3 nearly 

.. Iget 8.3% per annum. 
Example 6: By investing 
10% stock at Rs 120, I get ап annua 


each kind of stock ? 
Solution: Suppose I invest Rs X in 12% stock at Rs 80 and Rs (8000 — X) i 
ES in 


10% stock at Rs 120. 
Annual income fro. 


Rs 8000 partly in 12% stock at Rs 80 and partly in 
lincome of Rs 800. How much do I invest in 


n the first stock 


m 12 
== Rs X X-go- 


3X 
ORBIS 
Annual income from the second stock 
ven 
— Rs (8000 — Хх) х "IDOL 
Е 8000 — X 
PASS TT 


Total annual income = Rs (7207 perc 


эх , 800—X — 


20 l 
9X + 40000 — 5X — 48000 
4X — 8000 
X = 2000 
My investment in the first stock — Rs 2000 
econd stock — Rs,6000 


My investment in the s 
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Example 7: A man invests Rs 8370 partly in 9% stock at Rs 96 and the 
remainder in 12% stock at Rs 120. His dividend from each investment is the same. 
Find the amount invested in each kind of stock. 


Solution: Suppose he invests Rs X in 9% stock at Rs 96 and Rs (8370 — X) in 
1295 stock at Rs 120. 


Dividend from the first investment 


Dividend from the second investment 


= Rs (8370 — X) x 12 


120 
Lg. 8370 — X 
10 
329 e 8300 05 
E 10 
30X = 267840 — 32X 
62X = 267840 
X = 4320 
Amount invested in the first case 
= Rs 4320 


Amount invested in the second case 


= Rs 8370 — Rs 4320 
Rs 4050 


Exercises 5.2 


Which is the better investment : 

1. 8% stock at 102 or 10% stock at 124 ? 

2. 7% stock at 130 or 63% stock at 125 ? 

з. A 8% stock is at 120 and a 9% 
ment? What equal investments sh 
annual income of Rs 514? 

4. Find the change in income, when a pers 
Rs 97 and invests the proceeds Ai 125; du i of a 6% stock a 
the face value) - (Brokerage 1% O 

5. A man invests Rs 34000 partly in 8% sto : 
at Rs 90. 1f his yearly income ie а : [o T recep] in 7196 EA 
does he hold? à Stock ofeach kin 


He pe E Which is the better invest- 
ould be made in the two Siotks:fo earn ад 
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6. 


10. 


15. 


Equal sums of money are invested in 94% stock at 85 and 123% stock at 1 

If one of these investments yields Rs 20 more than the ‘other what i Я 
capital invested ? (brokerage 2%) ai = 
A man invested Rs 9000 partly in a 12% stock at Rs 96 and partly in a 16% 
stock at Rs 120 in such a manner thathe gets Rs 1175. How much has he 


invested in each stock ? 
A man invested Rs 1196 in 10% stock at 92 and sold out the stock when the 


price rose to 94. What did he gain ? 

A man invested Rs 9000 in 6% stock at Rs 90. Не sold the stock when the 
price rose to Rs 95 and invested the sale proceeds in 8% stock. By doing so 
his income increased by Rs 160. At what price did he buy the latter stock ? 

A person invests Rs 3600 in the 9% stock at 89, and when it has risen A " 
he sells out and re-invests in the 14% stock at 111. Find the change in his 
income, 1% brokerage being charged on each transaction. 

The capital stock of a company is Rs 65,00,000 and is divided into 2500 
shares of 6% preferred stock and 62500 of ordinary stock. Both the preferred 
and the ordinary shares have a par value of Rs 100 per sbare. The net profit 
in a given year, of the company is Rs 425000 out of which Rs 250000 is distri- 
buted as dividend. What amount will a man receive for his 25 shares of 
preferred stock and 85 shares of ordinary stock ? - 

A company has a capital stock of Rs 3,00,000 divided into 800 shares of 8% -~ 
preferred stock with par value of Rs 100 per share and remaining shares F 
ordinary stock. The company declares a dividend of Rs 21800. If a man 
holds 40 shares of preferred stock and 60 shares of ordinary stock, find the 
amount of dividend he receives. 

т invest half of a certain sum in a 8% stock at par and the other half in 1094 
stock at Rs 120. IfI had invested one quarter ofthesum in the first E usd 
and the remainder in the second stock, I should have had Rs 10 more of 
annual income than ia the former case. What total sum do I invest ? 

The present income of a company would justify a dividend of 676 if there 
were no preference shares, but as Rs 50000 of the stock consists of such 
shares which are guaranteed 74% per annum, the ordinary shareholder gets 
only 5%. Find the amount of the ordinary stock of the company. 

A person having invested Rs 800 in a 9% stock at Rs 75, sold it at a certain 
nd invested the proceeds in 13% debentures at Rs96 and, thus 


rice à : 
P d his income by Rs 8. At what price did he sell ? 


increase 
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Instalment Schemes 


6.1 Instalment Purchase Schemes 


People with small resources cannot buy a thing asand when they wish, but they may 
still need it badly. So, in order to facilitate the purchase of goods like bicycles, radios, 
sewing machines, fans, coolers, T.V. sets, cars, refrigerators, etc. a system known as. 
instalment system/scheme is introduced by businessmen. In Instalment Purchase System 
the price quoted by the seller is higher than the price quoted for sale on cash payment 
basis. In other words under this instalment system, the buyer has to pay more than the 
actual price because of interest for deferred payments. Under this system the customer 
is not required to make.full payment for the commodity at the time of purchase but is 
allowed to pay the same in easy monthly, quarterly, half-yearly, yearly instalments. 

Cash price is the amount for which the article can be purchased on full payment, 

Cash down payment is the payment made by the buyerat the time of signing the 
contract. 

Instalment Scheme is of two types, viz. Hire Purchase Scheme and Instalment 
Purchase Scheme. In the former, goods are delivered to a person (hirer) who agrees 
to pay the owner (seller) equal/unequal instalments. Instalments are treated as 
hire charges for the goods until a certain fixed amount has been paid. In this case the 
legal ownership of the goods vests with the seller. The ownership of the goods is 
transferred to the hirer on the payment of the last instalment. The seller has the right 
to take away the goods, even if the last instalment remains unpaid. In the instalment 
purchase scheme, the buyer is not only in possession of the goods but also becomes the 
owner of the goods immediately after the contract of the sale is completed. 

Instalment purchase scheme enables a person to buy goods which he would not 
be able to buy otherwise. Valuable articles are available to purchasers on convenient 
terms of payment. This method tends to encourage thrift. The buyer has to economise 
in future so that he may be able to pay his instalments for the convenience availed due 
to early possession of the goods. 

Price under the Instalment Purchase System must not be confused with cash retail 
price (or cash price). Cash price is arrived at by the seller by adding profit to the “cost 
price of the goods, while in the case of an Instalment Purchase Scheme, purchase price is 
arrived at by adding to the cost price, the profit and the interest on the cash price of 
the goods, Just after agreement, some initial payment which is called cash down payment 
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is to be made and the rest is paid in instalments which may be monthly, quatcerly, half- 
yearly, yearly, etc. The shopkeeper charges interest on the amount A HET by 
deducting from the actual selling price the initial payment made at the time of aroha 
This amount is considered as loan advanced to the customer by the shopkeeper. А 
In the following we work out а few examples to illustrate the concepts given above. 
Example 1: A watch is available for Rs 250 cash or for Rs 100 cash down 
payment followed by Rs 165 after six months. Find the rate of interest’ charged under 
instalment plan. 
Solution: The watch is available for Rs 250 cash, 
In the instalment plan, the cash down payment 
= Rs 100 
The price to be paid in instalment has its present value 
= Rs 250 — Rs 100 = Rs 150 
Instalment = Rs 165 
Let the rate of interest charged in the instalment plan 
Rs 150 would amount to Rs 165 at the end of 6 months. 


150 Cin One 
БО тоо xa 


be r% per annum. 


fiez; 150 +5 = 165 
Solving this equation for r, we get: 
н г = 20 
e Rate = 20% per annum 
Example 2: A coat is sold for Rs 600 cash or for Rs 200 cash down payment 
h. Find the rate of interest charged. 


ments of Rs 220 eac 
Rs 600 d 
tis Rs 200- 
lue equal to Rs (600 — 200), 


followed by 2 monthly insta 
Solution ; Cash price of the coat = 

In the instalment plan, cash down paymen 
Price to be paid in instalments has its present va 


i.e. Rs 400. 
Let the rate lment plan be r% per annum, 
400 x r X2 ) D 


of interest charged under insta 
Rs 400 will amount to Rs ( 400 + -oox 12 


at the end of 2nd month. 
On the other hand at t Es 

x rx 
ment of Rs 220 will amount to: Rs (220 + ms) 
20xrx9O0 ) 


he end’ of 2nd month : 


1st instal 


2nd instalment of Rs 220 will amount to : Rs (220 ES OOS 12 
= Rs 220 
nts taken together will amount to 
220r 
- (ii) 


The two instalme 
Rs (440 ar 200 
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Thus, from (i) and (ii), we get : 


——: 
ie S00 — AE = 440 — 400 А 
i.e. т = E40 
ie. r= 40 Х E = 82.75 (approx.) 


Rate = 82.75% (approx.) 


Example 3: An electric iron is sold either for Rs 150 cash or for Rs 36 cash 
down payment followed by Rs 25 a month for 5 months. Determine the rate:of interest 
charged under instalment plan. 

Solution: Cash price of the electric iron — Rs 150 

In the instalment plan, the cash down payment is Rs 36. 

Price to be paid in instalments has its present value equal to Rs (150 — 36), 
i.e. Rs 114. 

Let the rate of interest charged under instalment plan be r% 

At the end of 5 months, Rs 114 will amount to 

liáxrxs5 
Rs (114+ jx xis ) 
On the other hand at the end of 5th month : 


Per annum. 


...(0 


First instalment of Rs 25 will amount to: Rs 


Third instalment of Rs 25 will amount to : Rs 


S&ond instalment of Rs 25 will amount to : Rs ( 254 25 X rx 3 ) 


Fourth instalment of Rs 25 will amount to : Rs ( 25 4- 25Xrx1 
- 100 x 12 
Fifth instalment of Rs 25 will amount to : Rs 25 


At the end of fifth month, the five instalments taken together will amount to: 


DO DITS é 
Rs [25 X54 ухо CES n] i.e. Rs ( 125 + e) G) 
Thus, from (i) and (ii), we get : 
laàxrx5 _ 250 r 
4+ x12 = 1235-3 
Solving this equation for r, we get : 
r = 41.25 


Rate = 41.25% 
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sion set is sold for Rs 4800 cash or for Rs 1200 cash down 


Example4: A televi 
If the rate of interest charged by 


payment followed by five mo 
the seller is 48% per annum, 
Solution: Cash price of the te 


nthly equal instalments. 
find each instalment. 
levision set — Rs 4800 


In the instalment plan, the cash down payment is Rs 1200 
Price to be paid in instalments has its present value = Rs (4800 — 1200) 
= Rs 3600 
Rate = 48% 
At the end of 5 months, RS 3600 will amount to 
ns (3600 + Е 8 х3 
ie. Rs (3600 + 720) ies Rs 4320 Ò 
Let each instalment be Rs x, i.e 
Rs x be paid at the end of each month. 
At the end of 5th month : 
amount to : Rs E ar A. 


Ist instalment of Rs x will 
[i+ ух 
ntto: Rs E zi ق‎ 
mount to‘ Rs E dn хх 


PRS х 


2nd instalment of Rs * will amount t9 : Rs 


3rd instalment of Rs* will amou: 
4th instalment of Rs х will 2 


5th instalment of R л 
en together will amount to 


th, five ins 
At the end of 5th PD саах) («+ SR 
Rs [( «+ in + (+ 100 x 12 КАТОО XD 
10 NOEL ID Ы 
100 x 12 x] 
+ 48x 424 »| 
де. Rs [>ж® у, 
A Re zm (i) 
Thus, from (D and (ii), We get 
21x — 4320 
5 
9 & 
ре, peux gt ey 
= Rs 800 


Each instalment 
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Exercises 6.1 


An electric iron is sold for Rs 110 cash or for Rs 50 cash down payment 
followed by Rs 62 after a month. Find the rate of interest charged under 
instalment plan. 

A bicycle is sold for Rs 400 cash or for Rs 160 cash down payment followed 
by 2 monthly instalments of Rs 130 each. Find the rate of interest. 

A pressure cooker is available on Rs 180 cash ог for Rs 70 cash down 
payment followed by Rs 60 a month for 2 months. Find the rate of interest 
charged under instalment plan. 


4. A television set is priced at Rs 2400 cash or Rs 1200 cash down payment 
followed by 6 monthly instalments of Rs 225 each. What rate of interest will 
the dealer charge under instalment plan ? 

5. A mixi is marked at Rs 1000 cash or Rs 250 cash down payment followed by 
Rs 200 a month for 4 montbs. Find the rate of interest for this instalment 
plan. 

6. A room cooler is marked at Rs 2000 cash or Rs 400 cash down payment 
followed by Rs 300 per month for 6 months. Determine the rate of interest 
charged under this instalment plan, j 

7. A watch is sold either for Rs 180 cash or for Rs 40 cash down payment 
followed by Rs 30 a month for 5 months. Determine the rate Shut j 

$. Determine the interest rate charged under each of the following instalment 
plans : ч 
Article Cash price Cash down Each instal- No. of monthly 

payment ment instalm 

(i) T. V. 2515 1000 300 6 p 

(ii) Refrigerator 3580 1500 440 5 

(iii) Typewriter 3600 1200 280 10 

(iv) Tape-recorder 1600 300 175 8 

9. An article is sold for Rs 100 cash or for Rs 10 as cash down payment followed 
by 5 equal monthly instalments. If the rate of interest charged under instal ; t 
plan be 48% per annum, determine the monthly instalment, Es 

10. A pocket transistor is sold for Rs 125 cash or for Rs 26 as cash d 
. followed by4 equal monthly instalments. If the rate of interest cpm e 
per annum, determine the monthly instalment, ap 
11. 


A ceiling fan is marked at Rs 485 cash or Rs 105 cash down 
by 3 equal monthly instalments. If the rate of interest WU. DUAE 
ment plan is 16% per annum, find the monthly instalment. PAY 


6.2 Repayment. of Loans in Instalments 


In the previous section, We have dealt with problems on instalment Nin eun 
M n the 


a 
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period over which the instalment would range was i h = 
occi { : х in months deci 
putes Compton ої simple interest wete mids. Inthe ed Jess than a yoat; 
ey lending and payment by instalments, ths range normally is i POEM 
Водо interest computations are used in each case PAS cure antsy com: 
n order to start a small scale indust i 
з Е ry, banks give loans to the pe 
Т АЕ paid back to the bank in instalments along with the MORE TN. a sno 
3 ey gives a loan of Rs 10000 which is to be paid back in 10 te Rm 
um charges an interest of 18% per annum, then the different instalments p an 
ated. Ifthe instalments are given one can find the rate of inte t e eqs 
2 rest which the bank 
aN following examples illustrate the problems discussed above 
xample 1: A loan of Rs 12000 is obtained b i ; 
; y Krishna from B 
repair her house. The amount is to be paid back in 4 annual era a Eois a 
is each instalment, if the rate of interest is compounded annually on the b 1 E. m 
and is to be included in each instalment. vane ye 
Solution: The loan is to be paid in 4 annual instalments. 
Krishna will pay Rs (12000 — 4), ie. Rs 3000 ever 
] > 4), Le. ear i 
interest on the balance for 1 year. A my 
Now, interest on Rs 12000 for 1 year 


12000 x 8 x 1 
= песо AO = 
Rs 100 Rs 960 


Instalment at the end of first year 
= Rs (3000 + 960) = Rs 3960 
Balance at the end of first year 
— Rs (12000 — 3000) = Rs 9000 
Interest on Rs 9000 for the second year 


9000 x 8 x ! 
= 2000 Noe = 
Rs 100 Rs 720 


Instalment at the end of second year 
= Rs (3000 + 720) — Rs 3720 
Balance at thé end of second year 
= Rs (9000 — 3000) = Rs 6000 
Interest on Rs 6000 for the third year 


6000 x 8 x I 
RS. a EN = Rs 480 


Instalment at the end of third year М, 
*- E es - 


= Rs (3000 + 480) — Rs 3480 ay 
Balance at the end of third yeat Love р 
= Rs (6000 — 3000) = Rs 3000 

Interest on Rs 3000 for fourth year 
3000 x а= l.. Rs 240 


= Вер 7 
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-. Instalment at the end of fourth year 
= Rs (3000 + 240) = Rs 3240 
Hence,the four instalments are : 
Rs 3960, Rs 3720, Rs 3480, Rs 3240 
Example2: A sum of Rs 4550 is borrowed from a money lender at 2095 per 
annum, compounded annually. If the amount is to be paid back in three equal 
instalments, determine the annual instalment. 


Solution: Let each instalment be Rs x. 


r n 
We know that A = ( ipa Sio) 


where A — amount, P — principal 
r= rate, n = time period 

. — PLE ELE : 

& P=A+ ( 19) 


.. Principal for the amount x, at the end of first year will be 


: 20E SW 
х (1+) ie (5). 
Similarly, principals for the amount x at the end of second year and third year will be 
( i js x and (4). x respectively. 


The sum borrowed is Rs 4550. Hence, we have 


Sunat | ie 3 
($3. (4 dedu 5-|.х = 4550 
Solving this equation we get: 


x = 2160 
Each instalment = Rs 2160 


Example 3: А man borrows money on compound interest and returns it in tw 
equal annual instalments. If the rate of interest is 15% per annum and the yea E 
interest is. Rs 1058 find the principal and interest charged with т ец rly 

Solution : First Method : 

Let principal be Rs x. 
Rate = 15% 
At the end of 2 years Rs x amounts to 


То 153 23 2 
«(1 + 1007 Jies( 20 ) Е" 
Now the ycerly instalment is Rs 1058. 


At the end of 2nd year 
Ist instalment will amount to: Rs 1058 x ( feet 15 у 


ie Rs 1058 x ( 2 
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2nd instalment will amount to : Rs 1058 
At the end of 2nd year, the two instalments taken together will amount to 
2335 
Rs | 1058 (33) 0 ] UE i 
| 23-4 1058 | ie Rs (1058 х 20 RGI) 
Thus, from (i) and (ii), we get : 
PENES 43 
x (35 Jo 1058 x = 


Solving this equation, we get : 
x — 1720 
Principal — Rs 1720 
Total interest charged — Rs (2116 — 1720) — Rs 396 


Interest charged with Ist instalment — Rs (1275) = Rs 258 


Interest charged with 2nd instalment = Rs (396 — 258) 
= Rs 138 
Second Method : 


s 1058 as amount at the end of first year and another Rs 1058 as the 


The man paid R: 
amount at the end of second year. 


5 
.. Principal for the first year = Rs [ 1058 = ( 1+ a )] = Rs 920 


ل 
Principal for the second year = Rs [ 1058 «( ian 1) ] — Rs 800‏ 


Total principal — Rs 920 + Rs 800 — Rs 1720 


Total amount paid — Rs 2116 
Total interest = Rs 2116 — Rs 1720 = Rs 396 
15 


charged with first instalment = Rs (1720 x x) = Rs 258 


Interest charged with second instalment = Rs (396 — 258) = Rs 138 

Example 4 : Subhash purchased a refrigerator on the terms that he is- required to 
pay Rs 1500 cash down payment followed by Rs 1020 at the end of first year, Rs 1003 
at the end of second year and Rs 990 at the end of third year. Iaterest is charged at 
the rate of 10% pet annum, Calculate the cash price and the total interest charged. 

Solution: Let the cash price of the refrigerator be Rs x. 

Cash down payment — Rs 1500 


Remaining amount — Rs (x — 1500) 
Ist instalment paid at the end of first year = Rs 1020 


H 3 10 1 
Principal of Ist instalment = Rs [ 1020 = ( 1+ hy] 


Interest 
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= is [ 1020 E 3] 
— Rs [ 1020 x (355] 
1003 


Second instalment paid at the end of 2nd year = Rs 
Principal of 2nd instalment — Rs [ 1003 x es y] 
Third instalment paid at the end of third year = Rs 990 
3 , Principal of 3rd instalment = Rs [ 990 x (чт) ] 
Thus, the principal of the three instalments taken together is 


1 
Rs [1020 x ( Jp J + 1003 x (59у +990 x (219 Yat so: 


10 10 M? 3 
x — 1500 = [ (2020 x A) 4 ficos x (57) ] т {590 x ex 3 
= 1020 x 49. + ( 19 ) (1003 + 990 х +r) 
Solving this equation, we gct : 1 
x = 4000 
Cash price of the refrigerator — Rs 4000 
Price of the refrigerator under instalment plan 
= Rs (1020 + 1003 + 990 + 1500) = Rs 4513 
Total interest charged — Rs (4513 — 4000) 
= Rs 513 
Example 5: Опе can purchase a flat from a house buildin 
eash or on the terms that he should pay Rs 4275 as cash down 
three equal half yearly instalments. The society charges interest 
annum compounded half yearly. If the flat is purchased under j 
value of each instalment. | 
Solution : Cash price of the flat — Rs 55000 
In the instalment plan, cash down payment — Rs 4275 
price to be paid in instalment has its present value equal to 
(Rs 55000 — Rs 4275), i.e. Rs £0725 
Let cach instalment be Rs x 
Rate = 16% per annum : 
Principal fcr the amount of Rs x at the end of first six months 


= Rx + (1 اا‎ 
таа коо) 


8 society fo- Rs 55000 
Payment and the rest in 
attbe rate of 16% per 
nstalment plan, find the 
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Similarly principal for the next instalment i 
2* to be paid at the end of next si 
je d pt acer eal i i xt six months 
57 principal for the third instalment to be paid after another six 


2593 б 
т == ELA Ime: : 
onths == Rs ( 21 ) x. Thus the principal of the three instalments (in rupees) taken 


25 


E 25 M 2 25 13 
t 293 سے‎ А 
ogether is ( 27 )s + ( 2 ) + (33) x which should be equal to 50725. 


25 SN 
Thus, ($> x E +2 + (2) 50725 


Solving this equation we get x = 19683 
Each instalment is Rs 19683. 


Exercises 6.2 


1. Asum of Rs £600 is paid back in 4 yearly instalments. How much is each 
instalment, if the interest is compounded annually on the balance at 8% per 
annum and is to be included in each instalment ? 

2. Asum of Rs 6000 is paid back in 3 annual instalments. How much is each 

instalment, if the interest is compounded annually on the balance at 10% per 

annum and is to be included in each instalment ? 

A sum of Rs 8400 is 10 be returned in three annval instalments. What is the 

annual instalment, if the rate of interest is 94% per annum compounded 

annually on the balance and is to be included in each instalment ? 

4. The price of a tape-recorder is Rs 1561. A customer purchased it by paying 
а cash of Rs 300 and balance with due interest in 3 half yearly equal instal- 

er charges interest at the rate of 10% per annum compounded 

e value of each instalment. 

50 is to be paid back in two equal half yearly instalments. 

ment, if the interest is compounded half yearly at 8% 


ments. If the deal 
half yearly, find th 
s. A loan of Rs 25 
How much is each instal 
per annum i 
6. Asum of Rs 2600 is t 
the annual instalment, 


annually ? 
7. A man borrows Rs 816 and agrees to return it in two equal annual instal- 


ments, What is the annual instalment, if the rate of interest is 12.5% per 
annum compounded annually ? 
8. Govind borrowed money from a money lender and agreed to pay back in 
3 equal annual instalments of Rs 655.50 each. What sum did he borrow, if 


о be paid back in 2 equal annual instalments. What is 
if the rate of interest is 8% per annum compounded 
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the rate of interest charged by the money lender was 10% per annum 
compounded annually ? 

A man takes loan on compound interest and returns it in two equal annual 
instalments. If the rate of interest is 16% per annum and the yearly instal- 
ment is ‘ Rs 1682, find the principal and the interest charged with each 
instalment. 

A man borrowed some money and paid back in 3 equal annual instalments of 
Rs 2160 еасһ. What sum did he borrow, if the rate of interest charged by 
the money lender was 20% per annum compounded annually ? Find also the 
total interest charged. 

Kusum borrowed money and returned it in 3 equal quarterly instalments of 
Rs 4630.50 each. What sum did he borrow if the rate of interest was 20% 
per annum compounded quarterly ? Find also the total interest charged. 
Naresh took loan from a bank and the payment was made in 3 annual 
instalments of Rs 2600, Rs 2490 and Rs 2200 payable at the end of first, second 
and third year respectively. Interest was charged at 10% 
Calculate the amount of loan taken and the interest paid by him. 
A person borrows Rs 5407.50 and agrees to pay the loan back with compound 
interest at the rate of 135% per annum in 3 equal half yearly instalments. 
Find the amount of each instalment, if the interest is compounded half yearly. 
Sanjay bought a gas stove on instalment basis. He has to pay Rs 500 cash 
down payment and Rs 810 at the end of first year, Rs 520 at the end of 
second year and Rs 460 at the end of third year. Interestis charged at the 
rate of 15% per annum. Calculate the total cash price of the gas stove 

A dealer advertises that a casette recorder is sold at Rs 450 Cun down 
followed by two yearly instalments of Rs 680 and Rs 590 at the end of first 
year and second year respectively, If the interest charged is 18% per annum 
compounded annually, find the cash price of the casette recorder. POEM 

A. colour T.V. set is purchased under instalment purchase system S ITEM 
payment is Rs 2000 and 3 annual instalments of Rs 1800, Rs 1560 and Rs 1430 
are payable at the end of first year, second year and third year respectivel 
If the rate of interest is 10% per annum Sompound ен fud p С E 
price of the T.V. set and the total interest charged under instal А 
А sewing machine is available at Rs 240 cash down 
annual instalments of Rs 380, Rs 240 aad Rs 
year, second year and third year respectively, 
per annum compound interest, find the cash 
charged under the instalment plan. 


per annum, 


ment plan. 

payment followed by 3 

200 payable at the end of first 
Ifthe rate of interest is 25% 
Price and total interest being 
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CHAPTER 7 


Banking 


7.1 Introduction ` 
In the early stages of development of civilisation, probably, man hunted or produced as 
much as he needed for a day ortwo. Later, with the development of agriculture, he 
started producing for a season or for a year and the practice of storing for future 
started. With the shift from barter to money economy, people started saving money 
for their later days. This resulted in the need for keeping the savings in a secured place, 
The rich men of the yore (of olden days), who had some credibility aad also the means 
and might to defend themselves and their property, used to keep the savings of the 
common man and charged some money for this service. They also used to do money 
lending. 

Gradually, they found that a part cf mon 
security could also be used for lending to others bec: 


for withdrawal of their money simultaneously. 
deposited money for the purpose of lending. These money lenders later started paying 


some money to the depositors for their-deposits and charging interest at a higher rate 
from the borrowers; thus, making profits utilising the deposits of the people. This 
ultimately led to the coming up of the institution of banking. With the passage of time 
this institution of banking refined itself and is in its present form as we sce it today. 

The bank is an institution where those who have some savings, small or big, keep 
their money in the form of deposits and those who need money can borrow on payment 
of interest with certain conditions that assure recovery of the borrowed money. The rate 
of interest charged by the bank from its borrowers will normally be higher than what it 
pays to the depositors. Banks also perform the functions of a clearing house which can 
be understood from: the following example : 

Ramesh bas to pay Rs 10,000 to Suresh for the colour television set which he 
purchased from Suresh. Instead of paying cash, Ramesh gives Suresh a cheque for 
Rs 10,000 drawn on the bank in which he has his account. Suresh presents this cheque 

Suresh’s bank arranges to get the money trans- 


in his bank where he has his account. 
ferred from Ramesh’s account to Suresh’s account. Thus, a bank not only does safe 
keeping for depositors but also helps in many kinds of money transactions. 


ey that was deposited with them for 
ause not all depositors would come 
This resulted in utilisation of the 
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Some banks also issue traveller's cheques which can be cashed at different stations 

so that the risk of carrying money by the person is avoided. But these traveller’s cheques 

do not earn any interest because there is no deposit with the bank. 

7.2 Sayings Bank Account 


There are different types of deposits with a bank. The 
Savings Bank Account. This account can generally be opened in a bank with evena 
small amount of five or ten rupees only. After Opening the account, the account holder 
can go on depositing the money into his account. He can also withdraw the money 
from his account whenever he needs either through a withdrawal form along with the 
passbook of the depositor or by a cheque. A cheque book is issued to the depositor 


subject to the condition that he will keep a minimum balance with the bank, in 
accordance with the rules of the bank. 


first and the most popular is the 


A passbook is issued to every depositor by the bank in which datewise entries 
regarding his deposits, withdrawals and entries of interest that is 


bank. The general format of a bank passbook is given below : 


paid are made by the 


Particulars Amount Amount Balance | Initials 
withdrawn deposited 
Rs Р. Rs 2 RST EE 


(There may be minor variations in the passbook format of individu 


At present the bank pays interest on the minimum balan 
account in a calendar month after the tenth day of that 


al bank.) 


ce in the savings bank 
Lg month. The present rate of 
interest for the savings bank account is 5% per annum (р.а.) 


/ 


poet compounded half yearly or 
annually according to the rules of the individual bank, S E 


avings bank account can be 
opened with a Post Office also. The Post Office pays int oun 


crest at the rate of 5.5% per 
annum. 

In a passbook, money deposited is credited to the account of the depositor and 
money withdrawn is debited to his account. anid 


In the following, we consider some examples to explain the ideas discussed above 

Example 1: Sharda opens a savings bank account With the State p; P 
on 2.4.85 with a deposit of Rs 200. She deposits Rs 50 on 9.4.85, ae азрети 
amount is the minimum balance after the tenth day of the month, she is GANTS 
interest on Rs 250 for the month of April, 85 as she has neither deposited nor withdr 
any money after the 10th of April. drawn 


es 
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: Example 2 : Joginder Pal has а savings bank account with the Central Bank of 
India. The entries, for the month of February, in the passbook are as follows : 


Date Particulars Amount Amount 
withdrawn deposited Balance 
Rs jp Rs P RS BE 
1.2.85 By cash 100.00 1100.00 
7.2.85 By cheque 100.00 1200.00 
24.2.85 By cheque 150.00 1350.00 


no m کس‎ 
What is the sum for which he will earn interest for the month of February, 1985 ? 


Solution: Here, even though the balance on 24th February is Rs 1350, the 
minimum balance after 10th February is Rs 1200 and so, Rs 1200 is the principal on 
which Joginder Pal will earn interest for this month. 


Example 3: Joseph deposited Rs 350 cash on 4th July, 1984 in his savings bank 
account in the Syndicate Bank. On the last day of June 84, he had a balance of Rs 3000 
in his account. On 9th July, 1984 he withdrew Rs 900 by cheque and again deposited 
Rs 50 on 10th July, 1984. He withdrew Rs 200 on 30th July, 1984 and then deposited 
Rs 200 on 315 July, 1984. Find the principal for which he earned interest for the 
month of July, 1984. 


Solution: Let us first write the entries in the passbook and then calculate the 


principal for the month. 


Date Particulars Amount Amount Balance 
withdrawn deposited 
Rs P Rs v RSIR 
ے‎ oa DEN SS SS a WRIT еде ee 

1.7.84 3000.00 
4.7.84 By cash 350.00 3350.00 
9.7.84 To self 900.00 2450.00 

10.7.84 By cash 50.00 2500.00 ` 
30.7.84 To self 200.00 2300.00 
200.00 2500.00 


31.7.84 By cash 

We see that the principai for which Joseph is entitled to earn interest for the 
984 is Rs 2300. On 10th July he had a balance of Rs 2500 and again 
lance of Rs 2500. But because of the withdrawal of Rs 200 
after 10th) is reduced to Rs 2300. 


month of July, ! 
on 315 July he had a ba 
on 30th July the minimum balance ( 
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CALCULATION OF INTEREST ON SAVINGS BANK ACCOUNT 


Let us learn how to calculate interest on savings bank account. Though the banks 
generally calculate the interest and enter it in the passbook every six months or every 
one year, the timing of this compounding may be different for different banks. 
In all examples and exercises the amount qualifying for interest in each month 
will be calculated on the basis of the minimum balance after 10th day of the calendar 
month. 


Example 4: Muthuswamy's savings bank account opened on 4th January, 1985 
has the following entries in the passbook : 


Date Particulars Withdrawals Deposits ` Balance 
Rs P Rs P R5 Р 
ee A 

4.1.85 By cash 500.00 500.00 
8.1.85 'To self 100.00 400.00 
10.1.85 By cheque clearing 300.00 700.00 
29.1.85 To withdrawal slip 50.00 650.00 
1.2.85 By salary 1450.00 2100.00 
5.2.85 To cheque no. 837 700.00 1400.00 
15.2.85 TO cheque no. 838 500.00 900.00 
28.2.85 To cheque no. 839 150.00 750.00 
1.3.85 By salary 1450.00 2200.00 
6.3.85 To self. 750.00 1450.00 
18.85 By cheque 100.00 1550.00 
21.3.85 To withdrawal slip 200.00 1350.00 


If the fate of interest is 5% per annum and it is Paid at the en 
September every year, find the interest earned by him at the end of Mar 
account, 

Solution: Principal for the month of January, 85 — Rs 650.00 

Principal for the month of February, 85 — Rs 750.00 

Principal for the month of March, 85 = Rs 1350.00 

г. Corresponding principal for one month = Rg (650 -+ 750 +1 


== Rs 2750.00 


d of March and 
chon his S, p. 


350) 


Rate = 5% p.a. 
42750 x 5X 1 
Interest = R$ (Too x 12 ) = Rs 11.46 (approx.) 
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Example 5 : ies i T 
er are as 
Dat i 
по Je ЕЗЕР, p. 
1983 
Jan. 5 
E By cash 
200.00 
Е w To cheque no. 342 50.00 MS 
9 ‚7 By cheque 150.00 Er 
arch 19 To cheque no. 343 100.00 E 
nie 1700.00 
By cash 350.00 2050.00 
11 To self 50.00 i 
€ Um 2000.00 
y cheque 100.00 2100.00 
200.00 1900.00 


BL "ee 6 To cheque 00° 344 
year and the rate of interest 


d of September each 
1983 to September, 


ed at the en 
for the period January, 


If interest is calculat 
e the interest due 


is 6% 
% per annum, calculat 


1983, 
Solution: Principal for the month of: 
January, 99 ^ Rs 1650 
February, 83 7 Rs 1800 
March; 83 = Rs 1700 
April, 83 = Rs 1700 
May, 83 = Rs 2000 
June, 83 = Rs 2100 
July, 83 = Rs 2100 
August, 83 =: Rs 2100 
September, 83. = Rs 1900 
Hr 
Rs 17050 
Corresponding principal for one month — Rs 17050 
Rate = 6% P.4- 
ipis. ES (sire ex^ )= Rs 85.25 
1 х | i 
ote: |t may be noted here that eve though there 15 no entry for the month of April, 
i е bank is 1700. 


the minimum balance W? 
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Example 6: Jai Singh has a savings bank account with the Central Bank of India. 
The passbook entries are as follows : 


Date Particulars Withdrawals Deposits Balance 
(КУР Кз CE Rs P е 
Feb. 7 By cash 5000.00 5000.00 
March 4 To cheque no. 236 1000.00 4000.00 
9 By cheque 2000.00 6000.00 
17 To cheque no. 237 2000.00 4000.00 
April 8 By interest 37.50 4037.50 
10 By cheque 1700.00 5737.50 
10 То commission 2.50 5735.00 
19 To self 535.00 5200.00 
June 6 To cheque no. 238 1200.00 4000.00 
August 10 Ву cheque 1009.00 5000.00 
Sept. 9 Ву cash 1900.00 6900.00 


1f interest is calculated at 575 p.a. and interest is compounded at the end of March 
and September, find the amount he gets if he wants to close the account on 3rd October 
of the same year. 

Solution: Let us calculate the interest. Here interest up to the month of March has 
already been computed and added to the balance in April. Therefore, the interest is to 
be calculated with effect from April. 

Principal for the month of : 


April — Rs 5200.00 
May — Rs 5200.00 

June — Rs 4000.00 

July — Rs 4000.00 
August — Rs 5000.00 
September — Rs 6900.00 


— 


Rs 30300.00 


l 


Corresponding principal for one month = Rs 30300 
Rate = 5% p.a. 
30300 x 5 x 1 

Interest = Rs ( 100 x 12 ) Rs 126.25 
As Jai Singh closes the account on 3rd October he gets Rs 6900 plus the j 
Rs 126.25, i.e. Rs 7026.25. балы ec 
Note: It is not necessary that ап account be closed . only afier t 

of calculation of the interest. For example, 
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The corresponding principal for one month (for the period April to August) would 


be Rs 23400. 


Interest — Rs ( 


Rate = 5% p.a. 
23400x 5x 1 


ae ) = Rs 97.50 


Thus, he would receive on closure of the account a sum of 


Rs (6900 + 97.50) i.e. Rs 6997.50. 


Exercises 7.1 


1. Karim opens a S.B. account with Rs 100 on Ist January, 1985. Later hs depo- 
sits Rs 50 on 8th January, 1985. Н: withdraws Rs 10 оп lith January, 1985. 
Find the sum for which he will earn interest for the month of January, 1985. 


2. Sudhendu'sS.B. account's passbook has the following entries: 


Date 


April 1 


May 1 


Particulars Withdrewals Deposits 
Rs Р Rs 
By salary х 1960.00 
To self 250.00 
To cheque no. 103 500.00 
By cash 50.00 
By salary 1960.00 
To Vinod 1500.00 
To Rahim - 2300.00 


Balance 


2300.00 
2050.00 
1550.00 
1600.00 
3560.00 
2060.00 
1760.00 


Calculate the sums for which he will earn interest during the months of April and 


May separately. 


3. Krishnamurthy's Syndicate Bank S.B. account's 


entries : 
Date 
June 2 
9 
July 1 
1 
4 


Particulars Withdrawals Deposits 
Re P Rs P 

By cash 200.00 

By cash 300.00 

By cheque 2000.00 

To commission 5.00 

To cheque no. 579 995.00 


Balance 
Rs P 


200.00 
520.00. 
2500.00 
2495.00 
1500.00 


passbook has the following 


Calculate the sums for which interest will be earned by him during the two months, 
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4. Dinesh has his S.B. account in the State Bank of India. His passbook has the 
following entries : 


— "pat Particulars Withdrawals Deposits Balance 
Dare > Rs Р Rs P Rs Р 
ыз мш es Ae 

1983 

Oct. 1 700.00 
1984 

May 3 By cash 1000.00 1700.00 

11 To cheque no. 811 200.00 1500.00 

July 1 By cheque 1500.00 3000.00 

2 By cash 500.00 3500.00 

August 4 To Sunita 700.00 2800.00 


Rate of interest is 5% p.a. compounded annual] 


the interest that will be due to him on 1st October, 
date. 


y at the end of September. Calculate 
1984 and also the balance on that 


5. Anil has a S.B. account in the United Commercial Bank. His passbook has the 
following entries : 


Date — Particulars Withdrawals Deposits Balance 
Rs P Rs P RS P 
1983 | 


Рес. 1 Ву сазһ 


7000.00 7000.00 
12 То cheque no. 527 1500.00 5500.00 
13 By cash 500.00 €000.00 
1984 : 
Jan. 1 By salary 4000.00 10000.00 
1 To Sunil 2000.00 8000.00 
9 By cheque 400.00 8400.00 
Feb. 1 By salary 3000.00 11400.00 
3 To self 2500.00 8900.00 
March 17 By salary 1100.00 10000.00 


On 31st March, 1984 he receives his transfer Order and wa 


Calculate the money he receives on closin. 


nts to close the account. 
g the account 
rate of 5% p.a.). 


(interest Calculated at the 
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6. Salim has joined a factory which pays wages by cheque only. Нг ор:пѕа S.B. 
account on February 1 and his passbook has the following entries upto Ist April 


of that year: 


Date Particulars Withdrawals Deposits Balance 
Rs CE RS Р. Rs P 

Feb. 1 By cash 50.00 50.00 
2 By salary 1000.00 1050.00 

4 To withdrawal slip 200.00 850.00 

15 By overtime allowance 300.00 1150.00 

24 To Aslam 100.00 1050.00 

March 1 By salary 1000.00 2050.00 
7 To cheque no. 211 500.00 1550.00 

21 To cheque no. 212 700.00 850.00 

27 To self 400.00 450.00 

April 1 By salary 1000.00 1450.00 


By interest 
He closes the accoünt on 11th April. Complete the entries for 11th April at the 


rate of 576 p.a. 
7. Shankar Rama has a S.B. account in State Bank of India where interest is 


compounded at the end of September every year. His passbook entries are as 


follows : 
un Particulars Withdrawals Deposits Balance 


Date 
Rs Р Rs. Р Rs P 
1983 
Oct. 4 Ву cash 100.00 100.00 
300.00 400.00 


11 By cheque 


Nov.3 Ву cash К 200.00 600.00 
7 To withdrawal slip 100.00 500.00 

1984 р 
Jani 3 Ву саѕћ 500.00 1000.00 
March 25 By cash 200.00 1200.00 
June 7 By cash 300.00 1500.00 
100.00 = 1400.00 


Aug. 29 То Amol 


Oct. 3 Ву interest } ==" 
e and complete the entries for October 3, 1984 if interest is paid at 5%, р.а. 


Calculat 
g. Anita opens a S.B. account in State Bank of India on August 1, 1983 with 
Rs 100 on|the first or second day of every month till 


Rs 100. She deposits 
and including February 1, 1984. In between she withdraws Rs200 om 


October 17, 1983 and also on January 18, 1984. 
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Write the entries of the passbook and calculate the interest due at the end of 
September, 1984 if interest is calculated at the rate of 5% p.a. at the end of September | 
every year. 


9. Surinder Singh's S.B. account's passbook entries are as follows : 


Date Particulars Withdrawals Deposits Balance ag 

Rs P Rs P Rs P | 

Jan. 7 By cash 500.00 500.00 | 
March 19 То cheque по. 319 100.С0 400.00 
Мау 24 By cheque 1500.00 1900.00 
July 29 To withdrawal slip 200.00 1700.00 
Sept. 2 By cash 1300.00 3000.00 


If interest is paid at the rate of 5% p.a. at the end of September every year, 
calculate the total amount he will get if he closes the accountin October of the same 
year. 


10. Ajmal Khan, an employee of a bank, 


that pays him interest at the rate of 69 
and December, 


has a savings bank account in his bank 


о Р.а. Which is compounded every June 
His passbook entries are as follows : 
Date Particulars Withdrawals Deposits Balance 


Rs P Rs P КЕР 
1981 


Feb. 3 By cash 


500.00 500.00 
7 To cheque no. 731 200.00 300.00 
11 By cheque 700.00 1000.00 
March 1 By salary 2350.00 3350.00 
To withdrawal slip 1500.00 1850.00 
31 To Urmil 150.00 1700.00 
April 1 By salary 2350.00 4050.00 
2 s A Ram 1800.00 2250.00 

May 1 y salary 
E 2350.00 4600.00 


2000.00 Р 2600.00 
Calculate the interest due at th 


€ end of June and fing the balance. i 
deposits a cash of Rs 100 on July 1, which is also entered immediately, per 
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7.3 Other Forms of Deposits 
FIXED DEPOSITS (TERM DEPOSITS) 


Savings bank (savings fund) account discussed in earlier paragraphs is one type of 
deposits. The other type of deposits are called Fixed Deposits. These are deposits for a 
fixed period of time and the depositor can withdraw his money only after the expiry of 
the period. Of course, in case of need the depositor can get his fixed deposit terminated 
earlier or get a loan from the bank under terms laid down by the bank, On these depo- 
sits the rate of interest paid is higher than that paid on savings bank account. 

There are two types of these fixed deposits. The first type is based on the length 
of the time of the deposit. 

All deposits for a minimum period of one year are treated as one category and the 
rate of interest paid is higher than the other category which is that of short term depo- 
sits ranging from 15 days to a period less than one year. 

At present, the rates of interest on short term deposits are : 


15 days to less than 3 months 4.5% p.a. 
3 months to less than 6 months 6% p.a. 
6 months to less than 1 year 8% p.a. 


The interest on short term deposits is generally simple, 
The present interest rates on fixed deposits for one year or more are as follows : 


1 year and above but less than 2 years 8.5% p.a. 
2 years and above but less than 3 years 99, p.a. 
3 years and above but less than 5 years 10% p.a. 
5 years and above 1195 p.a. 


On this category of deposits compound interest is paid and it is compounded 
quarterly or half-yearly depending on the rules of the individual bank, and the type of 
deposit. 
The second type of fixed deposits is based on the mode of payment of the interest. 
A depositor can claim the interest on completion of every time period of compounding 
of interest or he permits the interest tobe reinvested along with the principal. This 
scheme i5 called the Money Multiplier Scheme. 


RECURRING DEPOSITS 


Another type of deposits known as Recurring or Cumulative Time Deposits, generally 
range for a period of one year to ten years. In these deposits, the depositor deposits a 
fixed amount (in multiple of Rs 5) every month for a specified number of months at the 
end of which he will get the sum deposited by him with compound interest. Usually 
bank publishtables which show the amouut of monthly instalment, the number of 
months (in multiples of 12) for which the depositor contributes and the amount the 
depositor would receive on the expiry of the period. Such tables are revised from time 
to гле depending on the changes in the rates of interest. (Oas such table is given on 


page 102.) 
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These cumulative deposit schemes are often used by a large number of people to 
save in small amounts which get accumulated for anticipated purposes (like higher 
education of a child, marriage, construction of house) some years hence. 
Note: It may be noted that under recurring deposit schemes, the amount of monthl; 
instalment must be in multiples of Rs 5 aud the number of instalments "i 
multiples of 12. И T 
Now let us understand how to use the table, in the following examples : 
Example 1: Ajay saves Rs 20 from his monthly pocket allowance and puts this 
saving every month in a bank recurring deposit scheme for a period of 84 months. What 


amount does he get on maturity ? 


Solution: See the table on page 102. 

As the monthly instalment is Rs 20 and the total number of instalments is 84 what 
Ajay gets after 84 months is the amount entered in the table against the row marked 
84 and under the column marked 20 i.e. Rs 2527.20. 

(Thus, he actually pays Rs 20 X 84 i.e. Rs 1680 and gets on maturity Rs 2527.20. 
He gains in this investment a sum of Rs 847.20). 

Example 2: Smita needs Rs 5000 after six years. She wantsto invest in recurr- 
sit scheme on monthly instalment basis. Calculate the minimum amount of 


ing depo І 
hly instalment which would fetch her approximately this amount after six 


the mont 


years. 
Solution; See the table on page 102. 


As the amount needed on maturity is Rs 5000 and the time is six years, we read 
the table against the row marked 72. The entry nearestto Rs 5000 is Rs 5097.00 
This entry is under the column marked 50. Thus, Smita must deposit Rs 50 every 
month to get Rs 5000 for the purpose she has in her view. 
Note; The instalments have to be in multiples of Rs5. Ani 
would fetch her only Rs 4587.30 which is short of Rs 5000. АЙС жыл бо a 
instalment of Rs 55 because the minimum instalment required to get sufficient amount is 


Rs 50. 
Sudesh can save Rs 60 every month and feels that she should invest 


Example 3: 
jn a recurring deposit scheme to have at least Rs 7500. Calculate the minimum number 


ents needed for this venture. 
In the column marked 60 there is an entry of Rs 7581.60 against the 


row marked 84. Thus she should deposit Rs 60 every month for 84 months to get a 
sum of Rs 7500. The actual amount she gets is Rs 7581.60. 

Example 4: Chand Khan can save Rs 55 every month. He invests this amount 
every month in a recurring deposit scheme for 96 months. Find the amount he will get 


on the maturity of the deposit. 
Solution: In the table, in the row against 96, there are two entries below Rs 50 


and Rs 60. These are Rs 7678.50 and Rs 9214.20. 


of instalm' 
Solution : 
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The:amount for an instalment of Rs 55 will be the mean of these two amounts i.e. 


7678.50 + 9214.20 
бе (шш шшш 
= Rs 8446.35. 


Alternatively, in the row against 96, there are two entries below Rs 5 and Rs 50. These 
are Rs 767.85 and Rs 7678.50. The sum of these two is Rs 8446.35. 


Note : 


1. 


Exercises 7.2 


In the following questions, use the recurring deposit table given on page 102. 
Kavita saves Rs 35 every month and puts it in a recurring deposit scheme for 
36 months. Find, with the help of the table, the amount she will get on 
maturity. 

Nambiar saves Rs 40 every month and 
for 84 months. After tw 
Rs 0 јпа recurring depos: 


Period of 7 years in a recurring 
n maturity. 


Harish wants to save a sum of at least Rs 10000 by Saving Rs 50 every month 
in a recurring deposit scheme. Find the minimun number of instalments 
needed for the purpose. 

Two brothers Ram and Shyam Start. savin 
Schemes by contributing Rs 5 and Rs 10 e 
an amount of Rs 1000 at least. 
comparison to Shyam to achiev 
Ramaswamy-needs Rs 


i ! : Find the amount of the monthl 
instalment that will be Just sufficient to achieve the target a 


CHAPTERS 


Taxes 


$1 Introduction 
Modern economy rests o 
n the economy of 
CE DNUS Т growth whi 
e d in a welfare state demands bridging the der e resources. An 
ү d e o (Government) has to spend a lot of des ues the masses and 
e ey and order, defence, development аа ог various purposes 
in turn y Д 

E Ir as to collect money ОЗЕНГЕ ЗЕ С = a health, etc. The 
Ая 1 E and other visitors) to meet the ex 3» E in some cases non- 

iffere : е i i i 
g d 1 d s is money that the government collects cn p bra у р 

d xn 1 o types of taxes like : income tax, wealth tax dit pope 
"i d Ec uty, property tax, etc. All these taxes are "m de tax, sales tax, excise 
sed in tbe Central Government’s budget or State enr Bis or decrea- 

5 , udget 
f cobi Government levies taxes like income tax, wealth s z every year. 

excise and customs, stamp duty, central sales tax, etc. St ax, gift tax, central 
excise, entertainment tax, agricultural revenue tax, etc p Governments levy state 
2 the local bodies like Municipal Corporations, Municipal Ee certain taxes levied 

antonment Boards, etc. ‘Some of such taxes as are im ittees, District Boards, 
property tax, octrol, professional tax, education Cess, etc posed. by OC Dudes atk 

The areas in which the three i.e. Central Government, S 
Local Bodies can legislate and impose taxes are well defined As fate Govern ang 
t receives the maximum revenue from taxes, it allocates 5 Rn Ns cin Govern- 
ces in the central pool for development or other unc e 
iture. 


e resour 

that ae are the contribution of the citizens towards th 

ultifarious economic and non-economic activities a expendi- 

ach to the management of the economy. The Ct P an 
: et is the 


olicy. е now propose to study very brie the 


men 
a portion of th 

Thus, we see 
ture of the State in its m 
of taxes indicate the appro 
statement of Government's fiscal 


different types of taxes. 


8.2 Direct Taxes 
imposed on individual or g 
ith tax, gift tax, etc. 


These are taxes roups of individuals which affect them di 
irectly 


e.g. income taX, wea 
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Income Tax 


This is a tax imposed on the income of a person or a group of persons. In the following 
paragraphs, we shall discuss the main features of income tax with reference to indivi- 
dual's income only. s 


Every individual whose annual income exceeds a specified limit is required by law 
to pay a part of his income to the Government. Thisis known as income tax and is 
imposed annually, by law, in the beginning of the financial year. 


Wealth Tax 


Wealth tax is the tax levied on the wealth of an individual. This ‘is also required to be 
paid annually. Wealth includes all assets of an individual, irrespective of the place of 
location, held on the date of valuation which at present is 31st March of the previous 
year as defined in the Income Tax Act. In this case also only individuals owning wealth 
beyond a certain limit are taxed. The debts to be paid by the individual are given 
consideration for defining wealth. The exemption limit is Rs 5,00,000 at present. 


Gift Tax 


Gift has been defined under the Gift Tax Act, 1958. Gift meaus the transfer by one 


individual to another of any existing movable or immovable property made voluntarily 
without consideration to money or money's worth. 


The Gift Tax Act levies a charge for every assessment year commencing on and 
from Ist April, 1958 in respect of gifts made by an individual during the previous year 
at the rates prescribed in the schedule to the Act. 


There are different types of exemptions provided in the Act, 
8.3 Computation of Income Tax 


The following are some of the important points that should be kept in view while- 
calculating the income tax : 


1. Income tax is charged according to the rates 


а Prescribed for the ass 
as given in the Finance Act. Ssessment year 
2. The tax is charged on the assessee's total income of the a 
e iid revious 
according to the provisions of the Act. P Year calculated 


3. Even when the tax is deducted at source or 
rests with the assessee by virtue of the Act 
4. Every individual, who is an assessee, is ex 
the prescribed form. This is known as In 


paid in advance, 


liability to pay tax 


pected to file а statem 
come Tax Return, 
According to the existing provisions of 
having a salary income not exceeding Rs 24000 ith i fi 3 

dividends being less than Rs 7000 are not required to file thei ate теш азс 
provided tax is deducted at source. арабе ташы 


ent of income in 
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Admissible Deductions 


Each person is allowed certain amount of his income free of tax under the heading 
1 


‘admissible deductions.’ 


(1) House Rent Allowance 
Any employee who receives house rent allowance in compensation to the rent paid fo 
residential accommodation is provided relief from income tax which is the minimum e 


the following sums : 
(a) The actual amount of house rent allowance (HRA) received by the assessee in 


respect of the relevant period. 

(b) Actual expenditure on rent in excess of 10% of the salary due to the assessee- 

in respect of the relevant period. 

() (i) 20% of the salary due to the assessee in respect of the relevant period 
where the residential accommodationis situated at Ahmedabad Bangalore, 
Bombay, Calcutta, Delhi, Hyderabad, Kanpur, Madras or Pune; and 7 

(ii) 10% of the salary due to the assessee in respect of the relevant period 
where the residential accommodation is situated at any other place 


For this purpose 
(i) ‘Salary’ includes dearness allowances, if the terms of employment so provide, 
› 


but excluding all other allowances. 
period' means the period during which the said accommodation 


(ii) ‘Relevant 
d by the assessee during the previous year. 


was occupie 


(2) Standard Deduction 
Salaried taxpayers are allowed a consolidated standard deduction upto a maximum of 
Rs 6000, admissible in respect of travelling, books, taxes on profession and ex шүр: 
ture incurred in connection with the performance of duties in a year. In the Me of 
employees who аго not in receipt of conveyance allowance or not provided with a 
conveyance, standard deduction will be an amount equal to 25% of the salary subject 


to a maximum of Rs 6000. 

(3) Deductions on Account of 
Savings Certificates, etc, (Under Section 80 C) 

e Tax Act provides a relief by way of deduction of certain sums in respect 

ums paid in the previous year by the assessee out of his income 

me tax, towards life insurance premium, provident fund, etc. 


Life Insurance Premium, Proyident Fund, Some National 


The Incom 
of the following § 


chargeable to inco 
In computing the total income of an assessee, there shall bea deduction, in 


accordance with and subject to the provisions of this section, of an amount calculated 
with reference (0 the aggregate of the sums specified in sub-section (2), at the folowing 


rates, namely : 
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(a) Where such aggregate does not 
exceed Rs 6000 

(b) Where such aggregate exceeds 
Rs 6000 but does not exceed 
Rs 12000 

(c) Where such aggregate exceeds 
Rs 12000 


(4) Deductions Under Section 80 G 


1. Deductions in respect of Donation to Certain Е 


In computing the total income ofa 
‘with and subject to the provision 
(i) in a case where the aggr 


(a) any sums paid by th 

(i) the National Defenc 
(ii) the Jawahar Lal Ne 
(iii) the Prime Minister’ 


(v) the Government o 

purpose, etc. 
Chere are other deductions th 
use and are beyond the Scope 


The latest rates of income tax as a 


n assessee, there shall 
of this section : 


п sub-section (1) sh 
€ assessee in the 


€ Fund set up by the Central Government ; or 
hru Memorial Fund ; or 


ѕ Drought Relief Fund 3 ог 


Relief Fund зог 
ог 


er's National 
Idren’s Fund 1 
hi Memorial Trust ; or 

апу institution to Which this Section applies aat 
r any local authority, 


at are allowed to an asse 
of this text and so are 
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The whole of such aggregate. 


Rs 6000 plus 50% of the amount by 
Which such aggregate exceeds Rs 6000. 


Rs 9000 plus 40% of the amount by 
Which such aggregate exceeds Rs 12000. 


unds, Charitable Institutions, etc. 


be a deduction in accordance 


section (2) includes 
clause (її а) of clause (a) 


all be the following, nam 


ely :— 
Previous year as donatio 


nto: 


to be utilised for any charitable 


Ssee but these are not of common 
Not discussed here. 


mended by the Finance Act, 1985 are given below : 
Rates of tax on individual’s taxable income : 
Slab Assessment year 1986-1987 
Fi i 
Up to Rs 18,000 (Financial % ii 1255,50) 
Rs 18,000 to Rs 25,000 a 
Rs 25,001 to Rs 50,000 ue 
Rs 50,C01 to Rs 1,00,000 dud 
Rs 1,00,001 onwards + 0 
Let us calculate the income tax to be M 


Paid by an assess, 
above are for the assessment year 1986-87. ese ud 


(Note : The rules given 
may be revised and thus at any time 
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y become obsolete. All calculations in the following: 


the information in the book ma 
es applicable to assessment year 1986-87.) 


problems are according to the rul 
Example 1: Gopal has gross annual income of Rs 30,000 (e i 
REN чыш 2 i xclusive of 
Rent Allowance). He deposits in his provident fund (P.F.) a sum of "s E eM 
Calculate the amount of income tax he has to pay- Ыр 


е 
Solution : Total income = Rs 30000 
« Standard deduction (subject to a maximum of Rs 6000) 
Р 2 30000 х 25 
E ( 100 ) 
— Rs 7500 limited to Rs 6000 
Contributions to P.F. = Rs 200x 12 
— Rs 2400 
Net taxable income = Rs 30000 — (Rs 6000-7 Rs 2400) 
— Rs 21600 
Tax up to Rs 18000 = nil 
qax for Rs (21600 — 18000) 
Ру 3600 x 25 
= Rs (6 
= Rs 900 
= Rs 900 


Total tax to be paid 
dU a aie of Rs 40,000 per annum (exclusive of 


Rs 500 p.m. to her provident fund and pays an annual premium 
Calculate the amount of income tax she is required to 


Example 2: Nee 


HRA). She deposits 
of Rs 2000 on life insurance. 


ay. 
E Solution : Neena’s total annual income — Rs 40000 
Standard deduction (maximum) — Rs 6000 
` Contribution to provident fund 
(annual) — Rs 6000 es 
Life Insurance premium — Rs 2000 Rs 
Deductions because of (i) and (ii) 
= Rs 6000 + Rs2000 x 50. 
1L0 
i = Rs 7000 
Net taxable income — Rs 40000— Rs 6000 — Rs 7000 
— Rs 27000 
j s 18000 = nil 


Income tax upto R 
г Rs 7000 (above Rs 18000 and upto Rs 25000) 


Income tax fo 
7000 x 25\ _ 
= Rs (— ) — Rs 1750 
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Income tax for Rs 2000 (above Rs 25000) 


2000 x 30| _ 
= Rs ( 100 ) = Rs 600 


Total tax payable = Rs 1750 + Rs 600 = Rs 2350 

Example 3: Rohini has an annual income of Rs 55000 (exclusive of HRA). 
Her savings in terms of provident fund are Rs 12000. 
Rs 3000 for her life insurance and invests Rs 
In addition, she contributes Rs 1500 to Prime Minister’ 


100% under section 80 G. Find the total income tax she is required to pay. 


Solution : Rohini's total income (annual) — Rs 55000 


Standard deduction = Rs 6000 EO) 
(25% subject to a maximum of Rs 6000) 


Total payment under Provident fund, life insurance and national savings certifi- 
cates 


= Rs (12000 + 3000 + 5000) = 
Permissible deductions under section 80 C 


— Rs 6000 + Rs( ооо x 100) + Rs ( 8000 x 40 ) 


Rs 20000 


= Rs 12200 ИКО) 
Permissible deductions under 


Section 80 G 
Total permissible deductions 
[G) + Gi) + Gii)] 


Net taxable income 


— Rs 1500 


= Rs (60004-12200 + 1500) 
== Rs 19700 

= Rs 55000— n, 19700 

— Rs 35300 

= nil 


.. (iii) 


Income tax on first Rs 18000 
Income tax on next Rs 7000 
(in the slab Rs 18001 to Rs 25000) — 7000 x 25 
) = Rs ane) = Rs 1750 
Income tax on next Rs 10300 (slab Rs 25001 to Rs 50000) 
Me 10300 x 39 
Bs ( Сй) = Rs 3090 
Total tax = Rs 1750 + Rs 3090 — 
Note: In any problem оп 
rounded off to the nearest 10 rupe 


Rs 4840 

: ; 

Sy Res computation, the net taxable income is 
€ tax is Founded off to the nearest rupee. 


Se ee 


TAXES 


111 


Exercises 8.1 


Patil has an annual income of Rs 28000 of which Rs 2520 is house rent allo- 
wance which is free oftax. His contribution to provident fund is at the rate 
of Rs 150 p.m. Calculate the income tax he is required to pay. 
Subramaniam’s income totals to Rs 34200 per annum exclusive of house rent 
allowance. His contribution to provident fund is Rs 3000 for the whole 
year. The total annual premium paid for life insurance is Rs 1600. 
Calculate the income tax to be paid by him. 
Sudhendu has an average income of Rs. 3200 p.m. exclusive of HRA. His 
contribution to provident fund, LIC, etc. is Rs 700 p.m. Compute the income 
tax he will be required to pay- 
Rajinder has a total annual income of Rs 51000, exclusive of HRA. He 
pays a premium of Rs 3000 to the LIC and contributes Rs 8000 to the provi- 
dent fuud. In addition, he donates Rs 5000 to the Prime Minister's Fund - 
carrying 100% deduction under section 80G. Compute the income tax he 
will be required to paY- н 
Rahmat Khan has an annual income of Rs 35000 exclusive [of any house rent 
allowance. His contribution to the provident fund is Rs 150 p.m. and the 
nual premium for life insurance 15 Rs 6000. He gives a donation of Rs 1000 
FE SIE he de allowed a deduction of 50% of the aggregate donation. 
CO the income tax that he has to рау. 

Prasad Agarwal's annual income is Rs 150000 as salary and allowances, 
RES house rent allowance. His savings in terms of provident fund and 
ешш nius come to Rs 30000. He donates a sum of Rs 2000 to a 
us LI rjoriitulion thus earning a relief at the rate of 50% of the donation. 
Calculate the income tax to be pug 
Pritam Singh has à total annual income of Rs 57000 excluding HRA. His 

++ sion to provident fund is Rs 600 p.m. His LIC premium amounts 
Con a. He invests Rs4000 in national savings certificates and 
to Rs 20 йу deposits. He donates Rs 3800 to the Gurudwara and earns a 
cumula у of the donation. Calculate the income tax due to him in the last 
relief of EE year if his earlier deductions for income tax are ( Rs 500 p.m. 
Шр i income is Rs 47000 exclusive of HRA. He contributes Rs 500 
John’s gnus rovident fund and pays, a premium of Rs 450 p.m. for life 
pap: e Pues Rs 3600 in national savings certificates. He gives a 
insurance. E 600 to the Prime Minister's Relief Fund earning a relief of 
donation 9 ation. His monthly deduction for income tax is Rs 250. Find 
100% то; tax he has to pay in the last month of the year. 
the amo 
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Note ; Problems involving taxable house rent allowance 
avoided as the computations involved become complex as for th 
of the students. 


have been deliberately 
е comprehension level 


8.4 Computation of Sales Tax 


On the purchase of some items the purcheser has to 
rate. This is called sales tax. It is an indirect tax. 


Calculation of sales tax is very simple as it involves the use of the mathematical 


concept of percentage only. Different articles are taxed at different rates, We illustrate 
the calculations in the following examples : 


Example 1: Nageshwar 
Rs 99.95. The rate of sales 
the buyer. 


Pay certain amount at specified 


Rao purchases a pair of cha 


ppals from the Bata shop for’ 
tax is 7%. 


Calculate the total amount to be paid by 


Solution : Sale Price of the pair of chappals = Rs 99,95 
Rate of S.T. = 7% 
Amount of sales tax = Rs (2925 х 7) 
= Rs 7.00 (approx.) 
Total amount to be Paid = Rs 99.95 + Rs 7.00 
= Rs 106.95 
Example 2: Rajan goes to 


a departmental store and buys the following articles = 
(i) Biscuits and bakery pr 


oducts (S.T. @ 5 %) for Rs 25 
(i) Toys (S.T. @ 10%) 


for Rs 39 
(iii) Medicines (S.T. @ 10% 


6) for Rs 45 
(iv) Clothes (S.T. @ 1%) for Rs 200 
Calculate the tota] amount he has to 


Рау to the departmental store. 
Solution : Cost of biscuits, etc. 


= Rs 25 
S.T. Q 5% =Rs (7855) = Rs 1.25 
Cost of toys = Rs 39 
S.T. @ 10% = Rs 3.90 
Cost of medicines = Rs 45 
S.T. @ 10% =Rs 4.50 
Cost of clothes =Rs 200 
S.T. @ 1% 


Total amount to be paid ү? 
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Exercises 8.2 


Tilak buys a pair of shoes costing Rs 370. 4 i 
Calculate the total amount he has i pay. bou a 
Karim buys bakery products for Rs 15, the rate of S.T. being 5%. He also 
purchases tinned food for Rs 25 on which the rate of S.T. is 10%. He gives 
а 100-rupee note to the shopkeeper. Find the balance returned to him. 
Gyaneshwar visits a departmental store and purchases the following articles } 
(i) One rain coat for Rs 300 plus S.T @ 10% 
(ii) One pair of shoes for Rs 230 plus S,T. @ 9% 
(iii) Food articles for Rs 150 plus S.T. @ 5% 
(iv) Clothes for Rs 400 plus S.T. @ 1%. ` 
Calculate the total amount of the bill. 
Ajay buys a motor cycle for Rs 9790 including S.T. Ifthe rate of S.T. is 
10%» what is the sale price of the motor cycle ? 
Smita buysa leather coat costing Rs 990. The rate of S.T. is 10%. She 
tells the shopkeeper that he should reduce the price to such an extent that 
she has not to pay anything more than Rs 990 including S.T. Find the redu- 
ction needed in the cost price of the coat. 


СНАРТЕВ 9 


Similar Triangles 


9.1 Introduction 


We have studied in Class IX the congruence of two geometric figures, 
figures in a plane are congruent if, without bending, twisting or st 
superimpose one figure on the other. In fact, when we compare two geometric figures 
in a plane with reference to their shapes and sizes, there are three possibilities and 
accordingly they fall in one of the categories below: 
(i) The figures have neither the same sha 
circle and a square. 
(ii) The figures have the same shape and size. 
same radius. 
(iii) The figures have the same shape but not necessarily the same size. For 
example, two circles of different radii, d 
We may recall that figures of category (ii) are ca 
now introduce the study of figures of category (iii). 
called similar figures. For similar figures, it is not 
different sizes but it is necessary that they must be of the 
two figures are said to be similar if one of them is an exa 
is obvious that two congruent figures are similar but the 
namely that two similar figures need not Decessarily be с 


Two geometric 
retching we can 


Pe nor the same size, For example, a 


For example, two circles of the 


lled congruent figures, 
The figures Of this cate 
necessary that 
Same shape, 
ct scale mode] 
converse is not 
ongruent, 


BOTy are 
they must be of 
In other words, 
Of the other, It 
necessarily true, 
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Photographs of different sizes (Fig. 9.1) obtained from the same negative, different 
size prints of movies for projection om different screens, etc. аге some examples of 
similar figures that we come across in our day-to-day life. 


4.6cm 


2.3cm 


A 5.1¢m B А $0200 = 
iFig. 9.2 
BCD is a quadrilateral and A'B'C'D'is the enlarged (stretched) 
D. Each side of the quadrilateral A'B'C'D' is double 
uadrilateral ABCD. It means that the ratio between the 
drilaterals is the same and is 1:2. The corresponding 
Similarly, in Fig. 9.3, the corresponding sides 
the ratio being 2: 3 and the 


In Fig. 9.2, A 
form of the quadrilateral ABC. 
the correspo:.ding side of the 4 
corresponding sides of two qua 
angles in two quadrilaterals are equal. 1 
of the two triangles ABC and A'B'C' are proportional, 


corresponding angles are equal. 


3cm 


Fig. 93 
tching-scheme can be described by the correspondence 
A correspondence of this kind is called a 
d by magnifying or shrinking the original figure. 


r stre y 
ABC += ABC. 


The enlargement с 
ABCD € A'B'C'D' or 


similarity, Similar figures Сап be obtaine 
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For example in Fig. 9.3, A A'B'C' can be obtained by enlargingor magnifying A ABC. 
Also A ABC can be obtained by diminishing or shrinking A А'В'С'. ‘It means that if 
any figure A is similar to another figure B, then it implies that figure Bis also similar to 
the figure А. ў ? А е Р 
From the above examples, we infer that in two similar figures, corresponding 


sides are proportional and corresponding angles are equal. Letus now consider for 


example a square and a rectangle (Fig. 9.4. Let us consider the correspondence 
ABCD«A'B'C'D'. 
| 2.5cm , 4,5 cm / 
D (E D C 
E E E € 
o o 
z ص‎ о 0 
N N сз 
ГА 
CE в A g 
cm 45cm 
Fig. 9.4 


We notice that the corres equal as all the angles are 
right angles. But corres 


Clearly neither of the two 


о res are not similar. The 
fact that the corresponding sides are not proportional, is the reason for the two figures 
not having the same Shape. 
Now, consider a Square and a rhombus (Fig. 9.5). Let us consider the correspon- 
‘dence PORS++P'Q’R’s’. 
с! 4.6cm R 
SS ZIM R 
€ 
o 
E E © 
о o Ў 
е х à: 
N N 
! 
Р 23cm Q P 


— 


ш 


;* 
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Here, the corresponding sides of two figures are proportional (ratio being 1: 2) but the 
angles are not equal as can easily be seen. You can see that the two figures do not have . 
the same shape and so they are not similar figures. In this case, the fact that the 
corresponding angles ofthe two figures are not equalis the reason for the two figures 


not having the same shape. 
The discussion leads us to the conclusion that for two figures to be similar (i) cor- 


responding angles must be equal, and (i) corresponding sides must be proportional. 
Later in this chapter, we will notice that in case the figures are triangles, either of the 


two conditions will suffice for their being similar. 


92 Similarity of Triangles 
Let us consider tWo triangles 4BC and A' B' 


ABCe4'B'C'. 


C' (see Fig. 9.6) with the correspondence 


Here ZA = ZA', LB = 


AB BO Te 
and т СООРУ. Lem AC 
A'B B'C М е 
s in two triangles are equal and corresponding sides are 


Since corresponding angle ‹ т les 
Wa UU correspondence is à similarity and, thus, the two triangles are similar. 
> 


aps 'B'C'. Here А corresponds to 4’, В to B' and C to C’. 
We write itas AABC ~ ДАВС A TP SII tB 

It will ۹ incorrect to write it as AABC ~ ABA C or AB C'A'orA A C'B y Cea 
(Why 7). We, of course, can write itas A BAC ~ AB'A'C' i.e. order of vertices can 
be ionge 44 such a manner that the same pair of vertices correspond (as in con- 
gruence). 


If two triangles have corresponding angles equal and.corresponding sides propor- 


tional, then by definition, the triangles are similar. As said earlier, in the case of 
trian les only ans condition—either the corresponding angles being equal or the corres- 
ber sides being proportional is sufficient for establishing the similarity of two 
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triangles. This can be verifed by constructing two triangles with corresponding 


angles equal(see Fig. 9.7) and two triangles with corresponding sides proportional 
'see Fig. 9.8). 


F 
70 
60 50: 
D E 
Fig. 9.7 
In Fig. 9.7, ABC and DEF are two triangles in which 
4А = 2р, ZB = ZE and ZC = ZF. 
On measuring the sides of these two triangles, you will find that 
AB BC AC 
DE EF DF’ 
Le. corresponding sides of the triangles are proportional, 
Again, take triangles DEF and НСЕ (Fig. 9.8), 
ойо ЭЕ ERG DF 
ее HG GK HE: 
K 


7 € 
A 

Le e 
d 


3cm 4cm 


Fig. 9.8 

Now measure the angles of the two trian 

and ZF = ZK. i.e. the correspondin 
Thus, we have 


gles. You will find that /D = ZAH B= 7G 
8 angles of the triangles are equal. 


fj) Two tric es are similar if the corresponding angles are equal 
This is known as AAA (angle-angle-angie) criterion of similarity of triangles 
(i) Two triangles are similar if the corres x i 


a n ponding sides are proportional 
This is known as SSS (side-side-side) criterion of similarity Ышы. 
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Note : We know that the sum of the three angles of a triangleis 1807. Thus,to d 

mine whether two triangles are similar or not, it is enough to verify pe 

angles of one "triangle are equal to the two augles of the other triangle o not 

This reduces AAA criterion to just AA (angle-angle) criterion of similarity. н 

There is another criterion to determine the similarity of triangles called the SAS 


(side-angle-side) criterion which is : 
(iii) If one angle of a triangle is equal to one angle of the other and the sides 


Including these equal angles are proportional, then the triangles are similar. 
This can be proved after proving the following result on proportionality : 
Theorem (9.1) : If a line is drawn parallel to one side of a triangle intersecting the 
other two sides, then the other two sides are divided in the same ratio. t 
Given : A ABC and line 1 parallel to BC A 
intersecting AB at X and AC at Y (Fig. 9.9). 
To prove : ш Ax i 
KB YC 
Construction : Join X to C and Y to В. 
Draw YZ perpendicular to AB. 


Proof: Area (A AXY) = 3 AX-YZ 
Area (A XBY) = + ХВ: YZ 
Therefore, 
Area(A AXY) АХ чн 
Area (A XBY) XB ы 
Similarly, 
Area (A АХУ) АУ - 
enn gory a 
i Fig. 9.9 


XCY are on the same base and between the same parallels, 


Since As XBY and 
A XCY )...(ili) 


area (A XBY) = area ( 


From (i), (ii) and (iii), it follows that 
AX _ AY ; 
XBT NG . (iv) 


ved. 


which is what is required to be pro 
Basic Proportionality Tüeorem. 


This theorem is referred to as 
From (iv) above, we also get 


1 Xp. YC 

AY "WE 

Adding 1 to both sides, we obtain 

XB ү 

NETT ay 

А Ax+ xB _ AY+YC 

P AX AY 
AB AC 
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MATHEMATICS 
Asa direct consequence of this theorem, 


it follows that: 
The line drawn parallel to the side BC of A ABC through the mid-point Y of AB, 
bisects the side AC. 


The converse of the theorem is also true. It is stated below (without proof): 
Theorem (9.2) : ifa line divide ides of a triangle in the same ratio, then 


In other words, 


if in A ABC, Lis a line 
Intersecting the sides 


4B and AC at X and 
3 АХ ER AY: 
Y respectively sech that 507 = Yo" 
(see Fig. 9.10), then XY I BC. 

Let us now prove the SAS criterion. 


Theorem (9,3): If one angle of a triangle js equal to о 
the sides including thes 


F 
Fig. 9.11 


SIMILAR TRIANGLES 


Given : In Fig. 9.11, As ABC and DEF are such that 
ZA=ZD 


То prove: A ABC ~ A DEF 
Proof: Mark points M and N on AB and AC respectively such that 
AM — DEand AN — DF (0 
Now join M to N. 
In As DEF and AMN, 


DE = AM (construction) 

LD=ZA (given) 

DF = AN (construction) 
A^ DEF= A AMN 
LE=ZM GD (corresponding angles) 
LF= ZN „- (iii) (corresponding angles) 
AB _ AC à 

2 (given) 


Now, DE DF 
AB _ AC (DE — AM, DF — AN) 


AM AN 

BM_ CN 

AM AN 

MN || BC (Theorem 9.2) 

LB = 4M (corresponding angles) 


=ZE [given by (ii)] 


Similarly, ZC = LE 

An A АВС ~ A DEF (AA criterion) 
‘Now, the various criteria for the similarity of triangles are summarised as follows : 
Two triangles are similar if 
1. The corresponding sides are proportional (SSS criterion). 
2. Two pairs of corresponding angles are equal (AA criterion). 
3. One angle of one triangle is equal to one angle of the other triangle and the 

sides including these angles are proportional (SAS criterion). 


Note: We know that if two As ABC and DEF are congruent, then all the sides and 
angles of A ABC are equal to the corresponding sides and angles of A DEF. 
But іп сасе, the triangles ABC and DEF are similar, we have angles of the one 
‘equal’ to the angles of the other (i.e. Z4 = LD, ZB = ZE, LC = ZF), 
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but in respect of the sides only the ratios of three Pairs of corresponding sides 
are equal. 


Let A ABC — A DEF (see Fig. 9.12). 
How to get the Corresponding sides of A DEF and A ABC ? 


Now AB is a side of A ABC. What is the corresponding point of A? It is D. 


Similarly, E is the corresponding point of B, Therefore, the side Corresponding to AB of E 
A ABC is the side DE of A DEF. 


D 


E 


Fig. 9.12 


F 


In the same Way, the other two pairs of Corresponding sides are BC and EF, AC 
and DF, 


A 


In Fig. 9.13, it can be seen that 
A AED ~ A ABC (AA Criterion). Here the 


pairs of corresponding sides аге AE and AB, 
ED and BC, AD and AC. E 


Let us Solve some examples to illustrate 
the use of criteria that have been discussed 
above for two triangles to be Similar, 


B 


Fig. 9.13 9 
Example 1: In Fig, 9.14, AD is the bisecto 
BA _ BD 


AC DC 


T of ZA of А ABC, Prove that 
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Solution : 
Given: А ABC in which AD is the 
bisector of / А. С 
To prove : D = fc TE 7 
Construction : , Through C, draw a line Ё ( 
parallel to DA to meet BA produced at E. А I 
Proof: In A BCE, DA is parallel to CE. 2 
Z1 = Z3 (corresponding angles) (i) ` Ц 
42 = £4 (alternate angles) ...(ii) 1 
and 43 
£1 = Z2 (AD is the bisector of / 4) 
i КОЛ, j 
From (i), (ii) and (iii), we get D е 
13 = 14 . B 
Fig. 9.14 


Hence, AC — AE 
In A BCE, since DA || CE, 


BA__ BD 
AE ^ DC 
BA BD 
Ac "pp )ا‎ «AC = AB) 


Example 2: If three or more parallel lines are each cut by two transversals, the 
intercepted segments on the two transversals are proportional. 

Solution™: 

Given : Three parallel lines Л, 
1, and / are each cut by two trans- 
versals fı and ty at points A, B, C 
and D, E, F respectively as shown 


in Fig. 9.15. 


To prove : 
4B _ DE 
BOE NE 


Construction: Join C to D. 
Denote the point where CD cuts 
the line /; by X. 

Proof: In A ACD, BX || AD. 

CB CX к 
(Ваѕіс 


BA XD 
Proportionality Theorem) 


Le. A = DX. 7A) 
B XC Fig. 9.15 
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Again, in A DCF, since ХЕ || CF, 


DX _ DE~,.. 
TG sep c 
From (i) and (ii), we get 

AB. — DE 

BE TER 
Example 3: In Fig. 9.16, 

EA _ ЕВ 

ECE EDI: 


Prove that : 
(i) A EAB ~ A ECD 
(ii) ABI CD 


Solution : 


Given, РАЈ EB 
пеп: ЕС = ED 


Fig. 9.16 


To prove: (i) A EAB ~ A ECD 
and (ii) AB || CD 
Proof: In As EAB and ECD, 
£AEB = ZCED (vertically opposite angles) 
EA _ EB : 
"EC Ер (given) 
"^ “А EAB ~ Д ECD (SAS criterion) 
Hence, / EAB = / ECD (corresponding angles of the triangles) vas (2) 
ZEBA= /CDE (corresponding angles of the triangles) . (it) 


ZEAB and ZECD are also alternate angles. These alternate angies are 
equal by (i). 


Hence, AB 1 CD 

Example 4: In Fig. 9.17, ABC and DBC ari 

hypotenuse BC and with their sides AC and DB i 
AP: PC = DP - PB 


е two right triangles with the common 
ntersecting at P. Prove that 
Solution : 
ч : " A 
Given: Two Tight triangles 
ABC and DBC with common hypo- D 
tenuse BC and with their sides AC P 
and DB intersecting at P (Fig. 9.17). 
To prove: AP - PC = DP - PB 
Proof: In As APB and DPC, 
{ВАР = / PDC (each a right 
angle) 
and ZAPB = /DPC (vertically B 


С 
opposite angles) Fig. 9.17 
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As APB and DPC are similar (AA criterion) 


AB МЕ ЕВ, 
Hence, DP ^ PC 


AP: PC = рр. PB 


Example 5: Prove that the ratio of the areas of two similar triangles is equal to 
the ratio of squares of the corresponding sides. 


Solution : 

Given: Д ABC ~ A DEF (Fig. 9.18). 

To prove : 
Area(A ABC) _ AB? _ BC? _ AC 
Area (A DEF) — CODES Gr © WDR 


Construction: Draw AP A BC and РО A EF. 


Proof: Area (A ABC) = E BC x AP 


and Area (A DEF) = 4- EF x DO 
Area (Л ABC) BC x AP / 
Area (А DEF) EF x DQ 0. 
А D 
BTE C EQ F 
. Fig. 9.18 
In As APB and DOE, 
LABP = LDEQ (given) 
{АРВ = LDQE (each a right angle) 
A АРВ ~ ADQE (AA criterion) 
AB AP : 
And so DE DO (Hi) 
ABE HG (given) (Hit) 


But DE ER 
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"Thus, from (1), (ii) and (iii), we obtain ~ 
Area (A ABC) _ BC: AP _ BC, АР _ BC | BC, BC? 
Area (A DEF) EF- DQ EF DQ ЕЕ EF EF 
Similarly, we can prove that 
Area (^ ABC) ETAB: EMG 
Area (A DEF) DE? DF* 


Т 


Ехегсіѕеѕ 9.1 


1. In each of the following, there is a pair of figures. Which pair of figures are 


Similar and which are not similar? Give reasons, 


(i) 


Fig. 9.19 


AEN 
A 4cm [AS 


Fig. 9.20 
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(iii) 


Fig, S: 21 


To 
2 


Fig. 9.22 


In Fig. 9.23, AABC ~ ЛАРЕ. 
If AD=5 cm, AE- 6 cm, 
BC = 12cm and AB = 15 cm, 
determine AC and DE. E 


3, In Fig. 9.24, AC || BD. Prove that 
(i) AACE ~ ABDE 
шу 4E = BE 
CE DE 


Fig. 9.24 
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4. In Fig. 9.25, find the values of 
x if DE АВ. 


5. Under which of the following 
conditions will DE be parallel 
to AB in Fig. 9.26? 

(i) AC = 10, CD = 4, 
EC=2, BC—5 
(ii) Ар = 6, EC = 14, 
ВС = 18, DC = 21 
(iii) ВЕ = 20, DC = 10, 
АС = 25, BC = 36 
(iv) AC = 12, AD = 8, 
EC —3, BC ='9 
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4 x-3 
x-4 \ 3x-1 9 
A B 
Fig. 9.25 
A 
D 
8 E 
E 

Fig. 9.26 


(0 EC = 6, ВС = 14, AD = 12, D0 = 8 


6. In Fig. 9.27, if ZA=CCED, prove 
that ACAB ~ ACED, Also, find 
the value of x, 
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7. D is a point on the side BC of AABC such that / АРС = Z.BAC. Prove 


CA CB 
hat ерт Car 
e 
8. In Fig. 9.28, DEFG is a square C 
and ZC = 90°. Prove that 
Ы (i) AADG ~ AGCF F 
(ii) ЛАРС ~ ЛЕЕВ D 
DG EB 
(iv) DE? = AD х EB 
A B 
D E 
Fig. 9.28 


9. In Fig. 9.29, AD and AE are respectively the bisectors'of the interior and 


exterior angles at A. Prove that 2D c 


| = Fig. 9.29 


10. A vertical stick 15 cm long casts its shadow 10 cm long on the ground. The 
м flag pole casts а shadow 60 cm long at the same time. What is the height of 
the flag pole ? 


11. The perimeters of two similar triangles are 24cm and 18cm respectively. If 
one side of first triangle is 8 cm, what is the corresponding side of the other 
triangle ? 
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D 
ABD is a triangle in which 
LDAB = 90° and AC.LBD. 
Prove that 
(i) ЛАВР ~ ACBA ~ ACAD C 
(i) AB? = BC x BD 
(iii) AC? = BC x DC 
(iv) AD? = BD x CD 
A B 
Fig. 9.30 


Prove that the line segments joining the mid-points of fhe sides of a triangle 
form four triangles, each of which is similar to the original triangle. 


If ABand CD are two chords 
of a circle intersecting at P, 
prove that ЛАРС and A DPB 
are similar. Further deduce that 
PC X PD = PB x РА. 


о 


TN 


Fig. 9.31 
ing altitudes of two si 
ing sides, 


Prove that the ratio of the correspond 


i п milar triangles is 
equal to the ratio of their correspond 


D 


© 


In Fig. 9.32, ABCD isa trapezium 
with AB || DC. lf AAED ~ 
A BEC, prove that AD = Bc. 


Rico Q лл 
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17. In APQR (Fig. 9.33), G is the mid-point 
of PR and H is the mid-point of OR. 
What is the ratio of area (AGHR) to G 


area (APQR)? 


P 
а 
Fig. 9.33 


Prove that the ratio of the corresponding medians of two similar triangles i 
es 15 


18. 
equal to the ratio of the corresponding sides of the two triangles 


9.3 Pythagoras Theorem 
Theorem: In a right triangle, the square on the hypotenuse is equal to the 
sum 


of the squares on the other two sides. 


Given : In AABC, LA=90° (Fig. 9.34). C 
To prove : CB? = CA* + AB* 
Construction: Draw AD | BC 
Proof: In As ABC and DAC, 
LACB = ZACD (common angle) D 
САВ = {АРС (each a right angle) 
AABC ~ ADAC (AA criterion) 


CB _ CA 
CA CD 
i.e. CA? = СВ х CD zx) Eg 
Similarly, As ABC and DBA are B 
similar. Fig. 9.34 
. AB? = СВ х DB (И) 


Adding (i) and (ii), we have 
CA? + АВ = СВ x CD + CB х DB 
= CB х (CD + DB) 
= СВ х СВ 
: = CB’ 

(This theorem is also known as Bodhayan theorem.) 

We now prove the converse of the Pythagoras theorem. 

In a triangle, if the square on one side is equal to the sum of the squares 


Theorem : 
on the remaining two sides, then the angle opposite to the first side is a right angle 
Given: In AABC, АВ? = BC? + СА? (Fig 9.35). 


To prove: LACB= 90° 
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A B D E 
Fig. 9.35 
Construction: Construct a right triangle DEF such that DF — AC, EF = BC and 
ZEFD = 90°. 
Proof: In ADEF, ZEFD = 90° (by construction) 
295 DE? = EF? + DF? ---(i) (by Pythagoras theorem) 
= BC? + AC? 
AB* = BC? + AC? -- (ii) (given) 
DE? = 4B? [from (i) and (ii)] 
ге, DE = АВ ... (iii) 
Now, in As ABC and DEF, 
BC = EF (by construction) 
AC= DF (by construction) 
AB = DE [from (iii)] 
AABC = ADEF (SSS criterion) 
Hence, LACB = / DFE = 90° 
In the following, we work out a few examples to illustrate the use of Pythagoras. 
theorem and its converse, 
Example 1: In triangle ABC, ZA = 90°. If AD | BC, then Prove that 
АВ? + CD? = ВР? + AC?, 
Solution : C 
Given: In AABC, ZA = 90? and AD BC 
(Fig. 9.36). D 
To prove: АВ? + CD? = BD? + АС? 
Proof: As ABD and ADC are right triangles. 
. AB? = BD? + AD? Ө] 
апа ` АС? = AD? + ср? (й) 
From (i) and (ii), we have 
AD? = AB? — Bp? = AC? — Cp? B A 
Le. АВ? + CD? = BD? + Ac? "i$ 
Example 2: In triangle ABC, ZC <90° and AL j i 
hit dd cee x CL. S Perpendicular ОВ @ Prove 
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Solution : 
Given: In AABC, ZC < 
Й 90° and АГІ ВС 
To prove: АВ? = AC? + BC? — 2BC х A CB produced as in Fig. 9.37 (ii)] 
с 


A 
. @) Fig. 9.37 (ii) 


Proof : Let us denote the sides BC, CA and A 
1 , В 
let x and d denote the decidida d JE осына)» by a, b and c respectively. Further, 
Now, ALC isa right triangle. s j 
& b? = d? + x? (i) (by Pythago 
y ra 
Also, ALB is a right triangle. кадерге) 
8 c? = d? + (a — x)? (by Pyt 
= d? + a? +x* — к кетен) 
= (d? + x*) + a? — 2ax 
= b? + а? — 2ax [using (i)] 
Es АВ? = АС? + BC? — 2BCX CL 
Example 3: Prove that the sum of the squa j 
to the sum of the squares of its diagonals. res of the sides О a-shombus is equal 
Solution : 
Given: ABCD is a rhombus with D 


diagonals AC and BD (Fig. 9.38). : 
To prove : 
Proof : Since diagonals of a rhombus A 
bisect at right angles, we have c 
B 
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ia AAOB, / AOB = 90° 


AB? = АО? + OB? ...(i) (by Pythagoras theorem) 
Similarly, BC?= BO? + OC? ...(й) 

CD? = CO* + 0D? (йй) 

DA? = DO? + 04 NS 


Adding (i) to (iv), we get 
АВ? + BC? + CD? + DA? = AC? + Вр? 


Exercises 9.2 


1. In the following a, Б and c denote the lengths of the sides of a triangle. Deter- 
mine whether the triangle is a right triangle or not in each case. 
() a — 3cm, b = 4cm and c = 6cm 
(i) а = 7cm, b = 12cm and c = 5cm 
(ii) a — 12cm, b — 16cm and c — 20cm 
2. ABC is an equilateral triangle with side 2a and AD.L BC. Show that 
(i) AD = a3 А 
(ii) area (ЛАВС) = a*4/3 
3. A ladder 20m long reaches a window of a house 16m above the ground. Deter- 
mine the distance of the foot of the ladder from the house. 
4. Two poles of heights 6m and 11m stand ona plane ground. If the distance 
between their feet is 12m, find the distance between their tops. 
5. А man goes 10m due East and then 30m due North. Find his distance from 
the starting point. 
6. P and Q are points on the sides CA and CB respectively of a A ABC, right 
angled at C. Prove that 
AQ? + ВР: = AB? + РО? 
7. AABCis right angled at А. BL and CM are its medians. Prove that. 
4(BI? + СМ?) = 5BC? . 
8. In an equilateral triangle, prove that three times the square of one side is equal 
to four times the square of its altitude, = 
9. In ДАВС, ZB > 90° and side CB is produced to р such that AD | CD- 
Prove that 


АС? = AB? + BC? + 2BC x BD 
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10. In Fig. 9.39, O is any point inside 


the rectangle ABCD. Prove that. 


OB? + OD! = OC? + OA? 
[Hint : Through the point O, draw a 
line parallel to BC] 


11. In Fig. 9.40, OD, OE and OF are 

drawn perpendiculars to the sides 
BC, CA and AB respectively of a 
AABC. Prove that : 
(i) AP + BD* + CE! 

= OA? + ОВ? + OC? 

— ог? — OF? — OF 
(ii) АР + BD? + CE? 

= AE? + CD? + ВЕ? 
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Fig. 9.39 


Fig. 9.40 


12, ABC is an isosceles triangle, right angled at C. Prove that 
A 


B? = 24C* 


CHAPTER 10 


Circles 


10.1 Tangent Lines and Secants 


You may recall that we studied certain basic definitions and properties concerning 


circles in Class IX. We now study some more important results connected with the 
circle. 


Theorem : The tangent line at any point of a circle is perpendicular to the radius 
through the point of contact. 


Given: A circle with the centre O. 
PT is a tangent line to the circle at the point 
P (Fig. 10.1). 


To prove; OP LPT 


Construction: Let Q be any point, 
other than P, on PT. Join OQ. 1 


Proof: Since О lies in the exterior of 
circle, 


<—— 
00>0Р 


Fig. 10.1 

Thus, of all the segments that can be drawn from th i 

f i й * centre О to any point on 
the line PT, OP is the shortest. олапу р 

Now, we know that the shortest segment that can be drawn from a given point 
to a given line is the perpendicular from the given point to the given line. 
Hence, OP LPT. 

The converse of the above theorem is also true. 


The line through -a point on a circle Perpendicular to the radius through the point. 
is the tangent line to the circle at that point. 


So we have: 


CIRCLES 


Tangent line as a Limiting case of a Secant 
We may recall the distinction between a 
secant and a tangent line which was discus- 
sedin Class ІХ. Let P bea point exterior to 
the circle (Fig. 10.2). 

Draw secants to the circle passing 


through P. 

How many secants can be drawn to the 
circle passing through P ? Obviously as many 
as we like. Now how many tangent lines can 
be drawn to the circle passing through Р? 

Draw a secant POM passing through P 
and th. centre Q of the circle (Fig. 10.2). If 
this secant through P is rotated about P in 


either direction, W 
nt with the circle goes on decre 


Fig. 10.2 

e observe that the distance between the points of intersection of, the 
easing and ultimately it reduces to zero. In |this ‘case 
on coincide and secant becomes a tangent line to the 


ts of intersect! 
is further moved away from O, it becomes a line exterior to 


circle. If the tangent line 
the circle. Thus, а tangent line is the limiting case of a secant when the two points of 
secant and the circle coincide. 


seca 
we say that two poin 


intersection of the 
u can see that there are only two tangent lines PS and PL 
> 


From Fig. 10.2, yo 
passing through the point P. The points S and L, where the lines touch the circle are 
called the points of contact. | 

Jt can be verified by actua 
by taking P at different points ап 
proved easily. See Fig 10.3. We wi 


1 measurement that PS = PL. This fact can be verified 
d measuring PS and PL in each case. It can also be 


Il prove that PS = PL. 


POS and POL, 


In A5 

05 = OL (radii of the circle) 

ОР = ОР 

LPSO = ¿PLO (eacha right angle) 
- A POS = A POL 
s. pS = PL 
L 
Fig. 10.3 
i h ofthe tangent fro h : : 

th PS or PL is called the lengt 8 m the exterior pnint P 

The leng e, we say that the lengths of the tangents (or simply tangents’ ше piss 


circle- Hence, 


an external point to Je are equal. 


a circ 
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Consider a line segment АВ anda point E on it (Fig. 10.4). Then the product 
AE x EB represents the area of the rect- 
angle whose sides are EA and EB. This 
product is referred to as the area of rect- 
angle contained by two parts (segments) Fig. 10.4 
AE and EB of the line segment AB. 


B 


E 


Consider two chords AB and 
CD of a circle with centre O. Let 
these chords intersect at a point E 
either inside or outside the circle as 
shown in Fig.10.5. Join A to C 
and B to D. 


Fig. 10.5 
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In the figure equal angles are marked. Give reasons why these angles are equal. 
A AEC~A DEB (АА criterion) 


AE “EC 
А DE ЕВ 
Непсе, AE х ЕВ = DE х EC 


This leads to the conclusion that if two chords of а circle intersect inside or outside a 
circle, the rectangle contained by the segments of the one chord is equal in area to the 
rectangle contained by the segments of the other. 


10.2 Circles and Common Tangents 
Given two circles with centres A and B and radii Randr. There are three possibilities : 
(a) The circles do not intersect as in. Fig. 10.6. In Fig. 10.6 (i), it is obvious 
that the distance between the centres is greater than the sum of the radii of 
the circles. But in Figs. 10.6 (її) and (iii) it is not so. à 


(i) 


(ii) 


(10) Fig. 10.6 
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(b) The circles touch each other externally as in Fig. 10.7 (i) or internally as 
in Fig. 10.7 (ii). 


O 


i) (ii) 


Fig. 10.7 


In the case of Fig. 10.7 (i), it can be observed that the distance between the 
centres is equal to the sum oft 


he radii of the circles while in Fig. 10.7 (ii), it is 
equal to the difference of the radii of the circles. 


С 
(c) The circles intersect in two 4 
distinct points (Fig. 10.8). ^ U 


D 


Fig. 10.8 


In this case, the distance between the centres is less than the sum of the radii. 


Definition: A line which touches the two given circles is called a common t agent 
line to the two circles. 
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(ii) 


Fig. 10.9 
mmon tangent lines to the two circles with centres at A and Bare 


In Fig. 10.9, a pair of co 
D and EF in Figs. 10.9 (i) and 10.9 (ii) are called Direct common 


shown. Tangent lines C. 


(ii) 
Fig, 10.10 
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tangent lines while the tangent lines PO and AS in Fig. 10.9 (ii) are called Transverse 
(indirect) common tangent lines. In case the circles are of unequal radii, a direct 
common tangent line intersects the line of the centres AB at a point which is exterior to 
the segment AB. In the case of circles of equal radii, the direct common tangent lines 
are parallel to the line of centres. Also the transverse common tangent lines always 
intersect the line of the centres at a point which lies on the line segment AB, 


In Fig. 10.10, common tangent lines in the case of two touching circles are 
shown. 


In Fig. 10.10 (i) there are three common tan 


gent lines while in Fig. 10.10 (ii) 
there is only one common tangent line. 


Next let us consider two intersecting 
circles (Fig. 10.11). In this case, it is clear 


that only direct common tangent lines can be 
drawn. 


Fig. 10.11 


We now show that if two circles touch each other, the point of contact lies on the 
line joining their centres, E 


А UN two circles with their centres А апа В touching each other at the point P 
Fig. 10.12). 


Let PT be the common tangent line to the circle at P. Join 4 to P and B to P. 
Since PT is a tangent line, 
LAPT = / ВРТ = 90° 
Le. PALPT and PB! pr 
Therefore, PA and PB are hoth perpendicu 


that at a given point on a given line one and on 
to the given lire. 


lars to PT at the 


point P. But we know 
ly one li г 


ne сап be drawn perpendicular 


Hence, PA and PB must be in 


the same straight line, 
straight line. 


Hence, 4PB or ABP isa 
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(i) 
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Fig. 10.12 


Hence, the point of contact of tw 


centres. 


10.3 Family of Lines Touching a Circle 


Consider the tangent lines drawn at various 
points of a circle. In Fig. 10.13, the tangent 
lines drawn at а few points of the circle 
are shown. The set of all these tangent 
lines drawn at various points of the circle 
constitute a family of lines touching the 
circle. How many members hasthis set ? 
Yon сап easily see that this set is an 


. infinite set. 


9» n 


o circles always lies on the line joining their 


Fig. 10.13 
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is family is perpendicular to the radius of the circle through 

us түк ete de ew Why ? Thus, all the members of the family are 

bu Bot FRE the centre of the circle, the equal distance being the radius of the 

p We family, therefore, can also be viewed as the set of lines at .a distance ‘r’ 
from a fixed point O, r being the radius of the circle and O its centre. 


10.4 Angles in the Alternate Segment 


Let AB be a chord and let SAT be the 
tangent line to the circle at 4 (Fig. 10.14). 
Chord AB makes two angles namely 
ZBAT and / BAS. with the tangent line 
SAT. Let P and Q be any two points on 
thecircle on either side of AB. Then 
ZAPB is said to be an angle in the alter- 
nate segment of / BAT. Similarly, / AQB 


isan angle in the alternate segment of 
Z BAS. : 


5 А 


Fig. 10.14 


Theorem: 1f a line touches a circle and from the point of contact, a chord is 
drawn, the angles which this chord makes with the given line are equal respectively to the 
angles formed in the corresponding alternate segments, 

Given: A circle with centre O. C 
SAT is the tangent line to the circle at A. 

AB isa chord through А. P and Q are 
points on the opposite sides of the line 
AB (Fig. 10.15). 


у 
To prove: (i) {BAT = ДАРВ F 
Gi) ZBAS = / АОВ 
| S Q 
Construction : Through А, draw 
the diameter AC of the circle, PEG 22 
A jr 


Join B to C. 
Proof: In ^ ABC, Fig. 10.15 
ZABC = 90° (angle in the semicircle) 
Therefore, ZBAC + / АСВ = 90? " 
Also, ZCAT = 90° m 


(diameter is Perpendicular to tangent line) 


EI 
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But LCAT = LBAC -+ ZBAT 

or LBAC + ZBAT = 90° an 

From (i) and (ii), z 
LBAT = LACB 

But, ZACB = ZAPB (angles in the same segment) 

Hence, LBAT = / АРВ ...(Ш) 

Now, ZAPB + / АОВ = 180° (opposite angles of a cyclic quadrilateral) 

v. LBAT + 2 АОВ = 180° [from (iii)] 

Also, LBAT + LBAS = 180° 

Hence, ZBAS = / АОВ 


We now prove the converse? of the above theorem : 


If in a circle, through one end of a chord, a straight line is drawn making 


Theorem : 
t, then the straight line is a tangent 


an angle equal to the angle in the alternate segmen 
line to the circle. 
| Given : АВ is a chord and a straight line 

SAT is drawn such that “ВАТ = / ВСА 
(Fig. 10.16). 

To prove : SAT is a tangent line to the 
circle at A. 

Proof: If SAT is not a tangent line, 
draw S'AT' a tangent line at A. 


Since, S'AT' is a tangent line and AB is A 
a chord, 
Fig. 10.16 


2. ZBAT' = (ВСА (angle ia the alternate segment) 
ВАТ = /ВСА (given) 

ae LBAT = ZBAT’ 

which is possible only when SAT and S’AT® coincide. 

Hence, SAT is a tangent line to the circle at A. 


But 


10.5 Applications 


In the following, We sol 


this chapter. 
Example 1: If the sides of a quadrilateral touch a circle, prove that the sum of 


a pair of opposite sides is equal to ihe sum of the sides of the other pair. 


ve some problems as applications of the theorems discussed in 
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Solution : 


Given: ABCD is a quadrilateral touch- 7 С 
inga circle at L, М, N and R (Fig. 10.17). 


To prove : AB -- CD — BC 4- AD 
Proof: We know that the lengths of the ` 


tangents from an external Poigt to a given 
circle are equal. Therefore, 


AL = AR 0) 

BL = BM EXC)! 

CN — CM -(H) р c 

DN= DR - (y) м 

* Fig. 10.17 
Adding (i) to (iv), we get 
(AL + BL) + (CN + DN) = (AR + BM) + (CM + DR) 
= (AR + DR) + (BM + CM) 
Thus, AB + CD = AD + BC 
Example 2: In Fig. 10.18, DE is a tangent to the circumcircle of A ABC at the 
vertex A such that DE 1 ВС. S 

Prove that AB = AC, 
Solution : 


Given; DEisa tangent to ‘the circum- 
circle of A ABC at the vertex 4 such that 
DE BC (Fig, 10.18), 


To prove: AB = AC 


Proof: DE|| Bc (given) 


ZDAB = ZABC (alternate angles) 
But /DAB — ZACB (angle in alter- 


nate Segment) 
ZABC = ZACB 


AB = AC 


Fig. 10.18 
. angle ofa triangle) 


(sides Opposite to equal 
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Example3: CDisa transverse co 


B touching them at C and D respectively. 


Solution : 


Given : 
to the two circles with centres 


CD is a common tangent 
Aand B 


touching them at C and D (Fig. 10.19). 
AG TAE 


T e 
o prove: “BD -- BE 
Proof: In As ACE and BDE, 


LACE = LBDE 
LAEC = LBED 
AACE ~ А BDE 
АС AE 


Hence, BD BE 


Example 4: Two circles int 


circles, secants PAC 


(Fig. 10.20). Show that the chord 


Given: 
are drawn such tha 
circle. Cand D are joined. 
at P. 

CD I PM 


Construction : Join A to B. 


Proof: LAPM 
(angle in al 


To prove : 


Also, ABDC is a cyclic 


вр = ACD = 180° И 
£A | 180° (0) 


ersect at 4 ani 


and PBD are drawn such t 
CD is parallel to the tangent PM. 


ect at A and 
B. Through a poi PAC and PBD 

а Dlie om the other 
PM is a tangent 


pP (i 
ternate segment) 


quadrilateral- 
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mmon tangent line to circles with centres 4 and 


AC _ AE 
P “=: 
rove that BD BE 


Fig. 10.19 


(each a right angle) 
(vertically opposite angles) 
(AA criterion) 


d B. Through a point P on one of the 
nat C and D lie on the other circle 


Fig. 10.20 


(opposite angles of a cyclic quadrilateral) 
(linear pair) 


But ZABD © ate = 
d (iD. 
EM m AC LABD + LABP 
LACD = АВР (iv) 


` MATHEMATICS 
148 


ФАС” = ZAPM [From (i) and (iv)] 
But these are alternate angles. 
S CD || PM 
Example 5: Two circles intersect each other 
direct common tangent line (Fig. 10.21) touchin 
the angles subtended by the segment CD at A a: 
Solution : 


at the points 4 and B. CD isa 
£the circles at C and D. Prove that 
nd B are supplementary, 


Given: Two circles intersecting at 4 
and B. CDisa direct common tangent line 
(Fig. 10.21). 
To prove: ZCAD + /CBD = 180° 
Construction: Join A to B, 
Proof: /ACD = AA 
ZADC = / ABD 
(angles in the alternate Segments) 
<. ZACD + ZADC = (СВА + ZABD 
or ZACD + /ADC = £CBD 0) c 
Fig. 10.21 
Adding / CAD to both sides ofi (i), we have 
ZACD + LADC + ZCAD = ZCBD + ACAD 


But Z4CD + ZADC + /CAD = 180° (sum of the angles of A ACD) 
Hence, ZCAD + ZCBD = 180° 


Exercises 10.1 


1. If AB and CD are two chords of a circle intersecting at a point P inside the 
circle such that : 

(i) AP—8 ст, CP 

(i) АВ = 12 cm, A 

(iii) AP = 6 cm, pp = 


P such that: 
G) РА = 10 cm, PB = 
(ii) PC = 15cm, CD = = 12 em, fi 
s ? > find AB. 
(ш) PA = 16 cm, PC = 10 cm and PD=8 сш, find 4B 
3. If AB and CD are two chords j i х 
that АР = СР, show that АВ 
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If AB and CD are two chords which when produced meet at a point P and 
n 


4. 
if AP = CP, show that AB = CD. 


5. (i) In Fig. 10.22, ZABC=42°- 
Find ZCAD and ZAEC. 


Fig. 10.22 


P 
B 
| (ii) In Fig. 10.23, PT is the tangent 
| line to a circle. If ZPTB = 60* 
and ZBTA = 45°, find LABT. a 
|< 


> 


Fig. 10.23 


er externally. Prove that the lengths of the tan- 


les touch each oth 
he two circles from any point on the common tangent line at 


tact of two circles are equal. 


6. Two circ 
gents drawn to t 
the point of con 
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7. InFig.10.24, a circle is touching 


10. 


п, 
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the side BC of A ABC at P and is 
touching AB and AC produced at Q 
and R respectively. Prove that AQ 
is half the perimeter of A ABC. 


Fig, 10.24 


In Fig. 10.25, the incircle of 

A АВС, touches the Sides BC, E 
CA and 4B at D, E and F ; 

respectively, Show that 

AF + BD +. CE=AE + BF + 


Ср = (perimeter of 4 ABC). 


B, D c 


Tf all the sj that d 
1 Sides of a Parallelogram touch a circle, show that the paralelogram 
is a rhombus, (Hint: See Example 1.) 
Show that tange; 


nt lines at the end points of a diameter of a circle are parallel. 


10.26, three circles with 
equal radii touch each other 


formed by joini 
an equilateral 


OIRCLE 


12. 


13. 


EU 


15. 
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In Fig. 10.27, CD is the tangent 

line at C to the circumcircle of 

A ABC intersecting AB produced 

in D. Show that 

ADBC ~ ADCA. g 


Fig. 10.27 


AB and AC are two equal chords of a circ'e. Show that the tangent ‘line 


at A is parallel to BC. 


ín Fig. 10.23, PT isa tangent 
line and РАВ is a secant to the 
f the bisector of ZATB 


circle. 1 
show that 


intersects AB at M, 
(i) /РМТ = ZPTM 
(ii) PT = PM 


In Fig. 10.29, KLMN is a [cyclic 
quadrilateral and PQ isa tangent 
line to the circl 
diameter of the circle, 
and ZMNL = 60°, find 


(i) ZQKN 
(ii) ZLKN 
(iii) ZPKL 
(iv) ZLMN 
(у) ZMLN 


Fig. 10.29 
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16. 


17. 


MATHEMATICS 
If two secants from a point P outs 


ide a circle intersect th 
A, B and C, D respectively, 


then prove that AP x РВ = 
If PT is a tangent toa circle from 
intersecting the circle at 4 and B, 


€ circle at the points 
PC X DP. 


an exterior point P and PAB is a secant 
then prove that PT? — PA X PB. 


CHAPTER 11 


Loci 


11.1 Meaning of Locus 
Loci is the plural of the word ‘locus’. The meaning of the word locus, as understood 
in Mathematics, will be clear after going through the following examples : 

1. Suppose the opposite banks of a river are regarded as straight lines. A boy 
walks along one of the banks, his foot always remaining at a constant perpendicular 
distance from the opposite bank, the constant distance ‘d’ being the width of the river. 
The movement of the foot of the boy can be thought ofas the movement of a point 

+ ad i dition viz. it is always ata 
alon osition always satisfies a con D s alway 
ва path such that its P к. The different positions of the foot is the 


constant distance ‘d’ from the opposite bank. . 5 
collection of points which always satisfies wi BNET E ар "à ae 
of points is termed as Locus of the moving point. td ie NA sapit ai 
that the locus of the foot of the boy is a line parale. Е 4 1 uidistant from 
An analogous situation is the set of points in the plane o а equidista 

a given line. The locus © line parallel to the line |. 


ch points is @ ; Loma 
2. В ircl p i on a paper with a compass, keeping its 
А rcle 
ecall that a Cl the tp of 


Sharp steel end at a point Cand 
the pencil starting from the point ^ ife- 

11.1). The tip of the pencil P taking dife- · Р 
rent positions on the circle, always dS 
at the same distance ‘r’ from the point. h 

Thus, P can be regarded as ® point үе, 

takes up different positions, starting for 5 

and satisfying the condition that its pe : A 
tion is at a constant distance ол. 

Point C, This set of points, t° pono 

Of which always satisfy а 8 nu 

is termed as the locus of the 7 
P. The analogous situation ! 
Ment of a bullock tied to а P&S at 
C by a rope, moving with the TO 
The locus of a foot (regarded as 2 p 
of the bullock is a circle- 


emains 


pe taut. 
oint) Fig. 11.1 
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The above examples suggest the following definition of the locus : 
Thelocus of a point is the set of 
points whose positions satisfy a given Q 
condition. a ae 11 
Thus, in example 1, if his the 1 Н 
line (one of the banks) and the foot P Н l 
of the boy moves such that it is always i і 
at a constant distance ‘d’ from h,Q Н ] 
being the foot of the perpendicular i | 
from P toh, then locus of the moving i | 
foot P is the line /„ where DNE Re. = NER lz 
h = {P | PQ =4, PQ Lh, Q € I} 
Obviously; /; is a line Parallel to 7,. 
In example 2, the locus of the moving 


What conditions do these centres always satisfy ? Tt i 


Point Which is equidist m 
hoe QUidistant fro three non-collinear 
2. What is the locus of a Point which is equidi m 
Stan 
Po q t fro three distinct collinear 


3. What is the locus of 
2 


4. Given a triangle АВС in which BC — 5 
= 5 cm, 
that AB + AC = 10 cm. Edd 
(i) Locate at least three Positions of A 
(Express the Positions of 4 as distan 
" ces fı 
(ii) Can there-be a point 4 on the locus sib d $a 
Give reasons in Support of your answer 


Is a moving Point such 


Which Satisfy the given Cohdition 
Points Bang С.) f 
that 4809 cm and АС =] cm? 
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(iii) Suggest some more measurements of AB and AC such that 
= 10 cm, but A does not lie on the locus. AB ас 


11.2 Theorems on Locus 


We now study two theorems on locus. The. theorems on locus are examples. 
of characterisation theorems wherein it is essential to prove the theorem and its. 
converse. 

Theorem ; The locus of a point equidistant from two fixed points is the right 
bisector of the segment joining the points. 

I, Given : A and B are two distinct 
points and P is a point such that 

AP — BP (Fig. 11.3). 

To prove: P lies on the right bi- 
sector of AB. 

Construction: Join P to the mid- 
point C of AB. JoinP to A and P 
to B. А: " 

Proof : In triangles APC and BPC, c 

AP — BP (given) Fig. 11.3 
. AC = BC (C is mid-point of AB) 
PC — PC 

eT ЛАРС = ABPC w (SSS criterion) 

Р ZACP = / ВСР (corresponding angles) 

But these angles form a linear pair. 

Hence, ZACP = ZBCP —1 right angle 

CP is the right bisector of AB. 

Hence, P lies on the right bisector of AB. 

Conversely A 

II. Given : Aand B are two distinct 

points and P is any point on the right 
bisector CR of AB (Fig. 11.4). 
To prove : AP = BP 
Construction : Join P to A and 
also P to B. 
Proof: In As APC and BPC, 
AC = BC (C is mid-point of AB) 
PC = PC 
Z ACP = /BCP (each a right angle) 
7. A АРС = A ВРС 
| (SAS criterion) 
Hence, AP — BP Fig. 11.4 


e 
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Le. P is equidistant from A and B 

or P lies on the iocus. 

The above theorem proves that the locus of a point equidistant from two fixed 
points is the right bisector ofthe line segment joining the fixed points and conversely 
any point on the right bisector is equidistant from the fixed points. 

Note : Having proved the above theorem, it becomes simple to see that infinite 
number of circles can be drawn passing through two given points, Centres of such 
circles lie on the right bisector of the line segment joining the points, 

Theorem: The locus of a point equidistant from two i 


ntersecting lines is the 
pair of bisectors of the angles formed by the?given lines. 
I. Given: l and 1» ате two lines intersecting at О and P is a point on the locus i.e. 
if PM Lh and PN 1L, then PM = PN (Fig. 11.5). 


To prove : P lies on the bisector of the 
angles between lı and la. 


Construction : Join O to P. 


Proof: In As OPM and OPN, 
ZOMP = ZONP 
(each a right angle) 
PM=PN (given) 
OP — OP 
А А OPM = AOPN 
| (RAS criterion) 
Be {МОР = / NOP 
(corresponding angles) 
Hence, P is on the bisector of / MON. Fig. 11.5 
Conversely 
II. Given : l and І, ате two lines 
intersecting at a point О and P і; any 
point on either of the bisectors of the 
angles between the lines Л and /,. (Fig. 
11.6). 


To prove: P is equidistant from 
l апда}. 


Construction : Draw PMII, and 
PN 1h. 
Proof : In As OPM and OPN, 

OP = OP 
ZOMP = ZONP | 
(each a right angle) 
ZMOP = / МОР 
(OP being bisector of the angles) 


Fig. 11.6 
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us AOPM = AOPN (ASA criterion) 

Therefore, PM — PN (corresponding sides) 

ie. P is equidistant from the lines л and ls. 

Hence, any point on the bisectors of the angles is equidistant from the lines /, 
and lz. 

The above theorem proves that locus of a point equidistant from two intersecting 
lines is the pair of bisectors of the angles between the lines. 

As an application of the above theorem, we prove the following result. (This. 
result has already been proved in chapter 9 as an exercise using similarity of triangles.) 

Theorem: The bisector of an angle of a triangle divides the opposite side in the 
ratio of the sides containing the angle. 

Given: A AABC in which AD is the 
bisector of Z BAC (Fig. 11.7). 


BD AB 

To prove : COD = ac 

Construction: Draw DM |. AB and 

DN J AC 
Proof: Since AABD and AACD 
have same altitudes say h, Fig. 11.7 
Area(AABD) _ _} BD xh BD 
' Area (A ACD) +С xh СБ (i) 


Also, since D lies on bisector of / ВАС, 
bd D 


Area(AABD) _ AB x DM _ AB 
Now’ Area (AACD) ~ kACX DN ^ AC ii) 
Hence, from (i) and (ii), 

BD _ AB 

ср AC 


In case, AD is the bisector of exterior 
LA ie. of ZLAC (Fig. 11.8), then D 
divides BC externally in the ratio AB : AC. 
(The proof is exactly the same as above.) 
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Exercises 11.2 


1. What is the locus of a point equidistant from two lines which are parallel? 

2. Find the locus of the vertex A of an isosceles triangle ABC which has BC as 
its fixed base. Can we conclude that the Perpendicular from the vertex A of 
an isosceles triangle ABC bisects the base BC ? 

&h 


Whst is the condition that a circle passes through four given non-collinear 


points? Find a similar condition for the circle to pass through the vertices 
of a n-sided polygon. 


4. Pisany point on a bisector of the angles between the lin 
the point of intersection of /; and 4, If PM L land PN | 1, 
if a circle is drawn with P as centre and PM as radius, prove tl 

(i) the circle passes through N 
and (ii) OM and ON are tangents to the circle, 


es lı and l, and О is 


(Fig. 11.5) and 
hat 


5. If AD is the bisector of / ВАС of 
AABC (Fig. 11.9), prove that 


ac 
D b+c 
ab 
GD — I 
. 6. In AABC, Dis a point on BC such that PADS 
BD _ AB 
DG AG 


Prove that AD bisects ZBAC, 


11.3 Some special Points connected with a Triangle 
We define certain terms connected with triangles, 


MEDIAN AND CENTROID 
A line segment joining a vertex of a triangle i е t 
called a median of thetriangle. Thus,a met the mid-point of the opposite side is 
triangle has three medians. Та Fig, А 
11.10, AABC has AD, BE and СЕ as its 
three medians. It can be verified by F 
actually drawing the medians of any 
triangle that the three medians are con- 
current. The point G where the three 
medians meet is called the centroid of th 
triangle. $ sh m F c 
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ORTHOCENTRE 


The perpendicular drawn from a vertex of a triangle to the opposite side is called 
the altitude of th triangle from that vértex. 

4 ‘Thus, a triangle has three altitudes. In e 
Fig. 11.11, AD, BE and CF are the three 
altitudes of triangle ABC. It Can again be 
verified by actual construction that the 
three altitudes meet at a point. The point 
of concurrence of three altitudes is called 
the orthocentre of the triangle. 


B D C 
Fig. 11.11 
С: It may be noted that the orthocentre О of a triangle may lie inside the triangle as, 
in Fig. 11.11, or outside the triangle as in Fig. 11.12 or on the triangle as in Fig. 11.13 
where the triangle is a right triangle. 


In Fig. 11.13, t he vertex B is the orthocentre “of the triangle. Can the centroid 
of a triangle lie on the triangle or outside the triangle ? Certainly not. It always lies 
А ] 


Fig. 11.12 | Fig. 11.13 
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inside the triangle. Cam the orthocentre lie at a point on the sides of a triangle other 
than the vertices ? 


INCENTRE 


There are three internal bisectors ofthe angles of a triangle. 
seen by actual construction that the internal 
bisectors of the angles of a triangle meet at A 
a point. This point of intersection is 
called the incentre of the triangle. In 


Again it can be 


N M 
Fig. 11.14, I is the incentre of ДАВС. 
We now show that the incentre J is equidis- 
tant from the three sides of the triangle 
ABC, Ë € 
Fig. 11.14 


Proof: Consider the incentre J of the triangle ABC. Draw IR 1 АВ, IS д AC 
and IT | BC (Fig. 11.15). 


I lies on the bisector of / ВАС. 


A 

Therefore, J is equidistant from AB and 
AC. S 

xs IR — IS (i) 

Similarly, J lies on bisector of / ABC. 

. IR SIT 00) 

From (i) and (ii), B 
IR = IS = IT T с 
Fig. 11.15 


AC, therefore, ВС, АВ: апі AC аге {апре 
respectively. Hence, a circle with Г as cent, 
sides of the AABC. We say that thec 
the point I being called the incentre of the 


А п the triangle, This iusti 
triangle ABC, a 1S justifies 
AR = А5; BR = ВТ; CT = CS. (Why з) It may be observed that 
CIRCUMCENTRE 
A circle passing through the vertices of a t ý 


REI 4 riangle i 
triangle. The centre of this circle is called the Бе is called the с 


5 ircumcir 
circumcentre of the tri clei gr ge 


angle, 
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It can again be seen by actual construction that the right bisectors of the sides of 
any triangle ABC (as in Fig. 11.16) meet A 
at a point S. We now show that this point 
of concurrence S is the circumcentre of 
А АВС. 


In other words, we prove that the point 
of intersection of the right bisectors of the 
sides of a triangle ABC is the circumcentre 
S of triangle ABC. 


B Г] 
Proof : Since S lies on the right bisector X 
of BC, S is equidistant from В and C. 
: BS = CS KO 
Also, S lies on the right bisector of AB. 
s AS — BS (ii) 
From (i) and (ii), Fig. 11.16 


AS = BS = CS 
Hence, S is equidistant from the vertices of the AABC. 
Hence, S is the circumcentre of the A ABC. 
Now let us prove one theorem regarding the medians of a triangle. 


Theorem: The medians of a triangle pass through the same point which divides 
each of the medians in the ratio 2: 1, 


Given: A A ABC in which medians BE and CF intersect at С (Fig. 11.17). · 


To prove: G lies on the third median 4D and G divides each of these medians in 
the ratio 2: 1, 
AG BG CG 2 


ре GDN SAGE CE A T 
Construction: Join A to G and produce it to H such that 4G = GH. Join B to 
Н and also C to Н. Let AH intersect BC at Р. 


Proof: In AABH, Fis the mid-point 


of AB and G is the mid-point of AH (by 
construction) 


A 
F 
.“. FGI BH E 
.. GCI BH (i) pac eer 
Similarly in AACH, Eis the mid-point в Стан уы 
of АС апа G is the mid-point of AH. раа ae € 


EG | HC H 
BG | HC e) Fig. 11.17 


162 MATHEMATICS 


From (i) and (ii), we get 
BGCH is a parallelogram. 
Now D being the intersection of the diagonals of parallelogram BGCH, we: have 
GD — DH 
and BD — DC 
D is the mid-point of BC. 


AD is the third median of AABC which also passes through С, Hence, the 
three medians of the triangle are concurrent, i.e. pass through the same point. 


Now, GD — DH 
Also, AG — GH (by construction) 
are AG =2GD 
Pordo 
dd GD H 
i.e. AG:GD=2:1 


The centroid G divides the median AD in the ratio 2: 1. 


2 Similarly, it can 
be proved that G divides each of the other two medians in the ratio 2 : 1. 


SOLVED EXAMPLE 


j Example: О isa point on the right 
bisector of AB such that /A4OB = 20 
(207). Prove that the locus of a point.P 
such that / АРВ — 0 is the major arc 
ACPB of a circle with centre O and radius 
OA (Fig. 11.18). 

Or 

If О is a point on the right bis 
of AB such that / АОВ = 20 o) add 
Pisa point such that / АРВ = 0, then · 
prove that О is the circumcentre of A ABP. 

Given: O is a point on the right 
bisector of AB such that / 40B = 20. Р 
is any point such that Z АРВ = g. 


To prove: Locus of P is the major 
arc ACPB of a circle with centre О and 
radius OA. 


Fig. 11.18 


Construction; With O as centre and OA (— O i 
+ Ez? B а i i 
does not pass through P, let it cut AP (Fig. 11.19) or уве Н Ais А s 5 3 ur 
О Joli do 0. 18. 11.20) in the 
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Fig. 11.19 Fig. 11.20 


Proof: If the circle passes through P as in Fig. 11.18, what is required is 
proved. Suppose the circle does not pass through P as in Figs. 11.19 and 11.20. Then, 


LAQB — 4405 = 6 


(angle at the centre is double the angle ata point on the remaining part of thc 
circle.) 

But LAPB = 8 (given) 

Cs ZAPB= ZAQB 

which is impossible as exterior angle of a triangle is always greater than interior 
opposite angles. 

Hence, the circle with O as centre and OA as radius must pass through P or P lies 
on the major arc ACPB of the circle with O as centre and OA asradius. Hence locus of 
Р is the major arc ACPB of the circle with centre О and radius ОА. 


Note: Itcan be proved similarly that locus of a point P such that LAPB = 180° — 9, is 
the arc ALB of the circle with centre O and radius OA. 


MATHEMATICS 
Exercises 11.3 


A and B are two distinct points, Prove that the locus of a point P such that 
ДАРВ = 90° isla circle with mid-point O of AB as centre and ОА as radius. 


Prove that the locus of the vertex of a triangle of given base 4B and height 
h is a pair of lines parallel to the base. 


Prove that the locus of the vertex of at 
isa pair of lines parallel to the base. 


ABC isa triangle of area Z and r is the radius of its incircle, 
p c Z where 25 = АВ + BC+ CA, 


riangle whose base is AB and areaZ 
Prove that 


Find the locus of the centre of 
of radius R. 

Find the locus of the centre o 
of radius R, 

Prove that the locus of the mid- 
the centre isa circle of radi 
centre of the given circle, 


a circle of radius r touching externally. a circle- 
f a circle of radius r touching internally а circle 


points of the chords of a circle equidistant from. 
us equal to the distance of the chords from the. 


CHAPTER 12 


Constructions 


12.1 Introduction 


Тп chapter 10 we studied many geometrical results. We shall utilise these results for the 
construction of tangent lines to a circle. As before, in all constructions only ruler and 
compasses shall be used as instruments. In every construction you are expected to write 
down the essential steps of constructions. 


122 Construction of Tangent Lines 
Construction 1: To draw a tangent line to acircle at a givenjpoint onm the circle, 


Given: A circle with centre О and 
a point P on it (Fig. 12.1). 


Required: To construct the tan- 
gent line to the circle at P. 


Steps of Construction : 
1. JoinO to P. 
2. At P, draw PT LOP. 


Then, PT is the required tangent 
line to the circle at the point P. 


Fig. 12.1 


Construction 2: To draw the tangent line from a point on a circle whose centre is 


not marked. 
Given : A circle and a point P on it (Fig. 12.2). 


Required: To construct the tangent line at P. 
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Steps of Construction : ` 


1. 
2 


w 


line. 


Construction 3 : 
circle, . 


Then, PT is the required tangent 
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Through P, draw a chord PR. 
Make any angle say ZPOR in 
the major segment. . 

At P, draw ZRPT = /PQR 
such that T and Q lie on Oppo- 
Site sides of PR. 


Fig. 12.2 


To draw tangent lines to a circle through a point outside the- 


Given: A circle with centre О and 


a point P outside the circle (Fig, 12.3). 
Required: To construct the two 


tangent lines to the given circle through 
the point P. 


Steps of Construction : 


1. ‘Join P to 9. 
2. Bisect OP at C. 
3. With Cas centre and Co as 
radius draw a circle cutting the 
Biven circle at T and 7". 
4. Draw PT and PT". / 
Then, PT and PT’ are the required 
tangents lines, 1 AA е 
Exercises 12.1 
1. 


a tangent toa circle of diameter 5 cm at a Point’ P on it, 


a circle of radi 
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3. Draw two tangenis at the extremities of diameter AB of a сігсіе of radius 
1.5cm. Are these tangents parallel ? Give reasons for your answer. 

4. Draw two tangents to a circle whose diameter is 6 ст from a point P af a 
distance of 9 cm from its centre. : 

5. Draw a tangent at a point. P of a circle of radius 3 cm without using the 


centre. 

6. Construct the incircle of A ABC in which ВС = 7cm, СА = 5cm and 
AB-— 6 cm. 

7. Construct the circumcircle of AABC in which BC = 7 cm, CA = 5 cm and 
AB =.6 cm. 


8. Construct a triangle with base BC=6 cm and vertex A such that Z BAC—60*, 
How ‘many such triangles can be constructed ? 


CHAPTER 13 


Trigonometrical Ratios 


13.1 Introduction 


The word ‘Trigonometry’ is derived from two Greek words 
Here ‘tri’ means three, ‘gon’ means sides and 
trigonometry is that branch of Mathematics w 
Sides and angles of a triangle. 
Knowledge of trigonometr 
physics, navigation, etc. 
that of other ships sailing 


‘trigon’ and ‘metron’. 
‘metron’ means ‘a measure’. Thus, 
hich deals with the- measurement of the 


y is of great help in surveying, geography, astronomy, 
The captains of ships work out the distances of sea-shores and 
in the oceans with the help of trigonometry. 


13.2 Angle 


angles which are less than 180° 


but not greater than 360°, 
situations concerning rotating or turning bo 


we need angles of any magnitude (Fig. 13.1) 


and on a few 
However, in practical 
dies such as wheels, pivoted needles etc., 


Ast дее 
(i) ani 
ea ваб 


xiv) 


Fig. 13.1 (у) 


У important to know 
Iso whether the rotatio 


In rotation, it is ver 
position of the ray, and a 
clockwise’ direction. 


about the starting position and the final 
n is in the ‘clockwise’ direction or ‘anti- 
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(i) Gi) (iii) liv) 
Fig. 13.2 


In figure 13.2 (i), the angle is formed by ‘anti i 
1 , y ‘anticlockwise’ rotati 
by anticlockwise rotations are taken to be positive angles. So ECKE E ees 
in figure 13.2 (i) is taken as 7305 (or simply 30°). In the same way, the аа m 
angle in figure 13.2 (iii) is 380°. Now in figure 13.2 (ii) the angle is formed by clock m 
rotation. Era formed by clockwise rotations are taken to be negative angles E ife 
measure of the angle in figure 13.2 (i) is —30? and the кшк oS 
13.2 (iv) is —380°. ی‎ 

In this chapter, we will deal with positive acute angle: 

А , З s only. 5 

are measured either in degrees ог 1n right angles. s gh -Recall Mot арыз 

A right angle is divided into 90 equal parts and e i 

Р ы - ach part is called 

divided into 60 equal parts and each part is known жу n А 
divided into 60 equal parts and each part is known as a ‘second’ Eon 
1 right angle — 90 degrees (90°) ae 
1 degree = 60 minutes (60^) 
1 minute 60 seconds (60^) 
hapter, degree is taken as the unit of measure of an angle 


‘degree’ is further 
‘minute’ is further 


Ш 


In this c 
13.3 Trigonometrical Ratios of Angles 


In a rectangular coordinate system 


XOY (Fig. 13.3), consider a ray OA and 
let P(x, у) be a point on it. Draw 
PM ОХ. 

-. OM = x and PM = y. 

Let ZMOP = 0 and ОР — r. 

In right triangle OMP, OM is 
called the adjacent side and MP is 
called the opposite side with respect to 
the angle 6. OP is the hypotenuse of Fig. 13.3 
the triangle. 


Making use of 
following trigonometrica 
MP 


lengths ofthe sides of the right triangl 
gle OPM, 
1 ratios of angle 0. ye denne the 
: н Opposite side y 
0= = 
() sine OP Hypotenuse r 
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sine 0 is written in abbreviated form as sin 0. 
E ay 
Р 
OM _ Adjacent side _ ЕЯ 
(ii) cosine = JUSTO TEENENUSTTES 
cosine 0 is written in abbreviated form as cos 6. 


x 
cos 0 = a 
MP Opposife side _ y 
Gi) tangent = “= Adjacent side ^ x 
tangent 0 is written in abbreviated form as tan 0 
ae tan à = 2 
x 


" — OM _ Adjacent side РА 
(9) cotangent 0 = MP Opposite side ^ 
cotangent ô is written in abbreviated for 


cog = -* 
34 


ОР Hypotenuse 

0 = ——— 4 ca 

б) secant OM Adjacent side x 
secant 0 is written in abbreviated form a 


m as cot 0. 


з Sec 0. 
sec 0 = L 
x 
(vi) cosecanto = OP _ Hypotenuse eur 
M Opposite side — y 
Cosecant 0 is written in 


abbreviated form аз совес б. 
cosec @ — = 
B n may be carefully noted that sin 0, cos 9, etc. do not mean that sin or cos 
is being multiplied by 6. И 
Note 2: Although 6 can take UP any valu 
between 0° 
ve have pos 


©, in this chapter its value for trigonometrical 
and 90°. For such angles, the trigonometrical 
itive values. 

ferent positions on the тау OA, say, P,, Ps, P, etc. 


j : «n Y. 
The triangles OMıPı, OM,P,, ОМ;Р,, 
etc. are al] similar, (Why) ? 
MiP, MP. 
T e MP. 
hus, “OP, "OP, = Ob: = 
pir? Sin 0 is the same irrespective of 
whether it is from AOM;P. OM,P 
or AOM;P,, etc. ae ДАЙ 


Similarly, oM _ OM, OM, 
1 
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So cos 0 also does not depend on the position of P on the ray OA. In the same 

way, other trigonometrical ratios of 0 do not depend upon the position of P on the ray 

OA. However, the values of these trigonometrical ratios will change if angle itself 

changes. 

Relationship between different irigonometrical ratios 

From figure 13.3, E 

MP 


(i) tan8 = "OM 


(i) OM 


* COR 
(i) sec 8 =-бм 7 OF 


OP 


(iv) cosec 0 = dr 


(э) сої{б=———=— F 


Qi) sinb = 


Qi) . cos E 
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(viii) tan 0 = = 9 

13.4 Fundamental identities 

From the right triangle OMP in figure 
13.5, we have : 


х? + у? = r? (Why 7) 0) 
(i) Dividing both sides of (i) by r?, 
we have : ? 


х? у? 
art т? avd 
2 2 
ie. (=) +(2) = 
r s Fig. 13,5 
i.e. cos? 0 + sin? 0 = 1 1 
2 

Note : == cos @. Therefore, (=) = (соз 0)2. 


But we have written 


( zy = cos?0, Note that (cos 0)* is written as cos?g. 
In other words, cos?@ means (cos 0)2, 
(sin 6)? and so on. 
(ii) Dividing both sides of (i) by x', we have : 

x? pM 7 

Tae UU m mind 


i АЕ: 


In the same way cos?6 means (cos 0)3, si 


Le. 1 + tan’9 = sec? 

(iii) Dividing both sides of (i) by y?, we get 
x? y ri 
y ty 


i.e. Cot?) + 1 = созес?@ 
We have established the following fundame 
(i) віп?0 + cos? = 1 
(ii) ѕес20 = 1 + tan 
(iii) созес20 = 1 + соб 


‘These results can also be expressed as follows : 
sin?ü = 1 — cos 
cos = 1 — sin?g 


ntal identities : 


n*ó means 
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tan? = sec*ó — 1 
cot?@ = cosec?9 — 1 
Let us now solve some examples. 
Example 1: Given cos 0 = i Calculate sin 6, tan 0 and cosec 6. 
Solution: We know that 
cos*ó + sin?@ = 1 
Substituting the value of cos 6, we get 


(2) + sin = 1 


4 . 9 16 4\? 
.е. 20 = J— == — = ( 
i a AME ( 5 ) 
4 4 
گا کک‎ 
sin + 5 
6 being acute and positive. minus sign is ignored, 
4 
sin 0 = Es 
UT 
_ sim? 5 4 
midni 7. ОД бф 
5 
i dus» 
cosec Û inà 4 4 
5 
20 A 


Example 2: Given cot 0 — 21" 


calculate the values of cos 0 and cosec 0. 
Solution: Now cot 0 — A 
Here the ratio of adjacent side to 

opposite side is 20 : 21. So let ВС = 20a 

and 4B — 21a, a being the constant of 


proportionality (Fig. 13.6). na 23а 
By Pythagoras theorem, we have 
АС? = АВ? + ВС? 

= (21a) + (20a)? = 841а?%==(29а)? 

AC = 29a 

. BC 20a_ 20 
соѕ0 = ЯС“ 29a 29 "n 

баёо: «з. ©... 294... 20. 20а 


АВ 21а 21 Fig, 13.6 
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Example 3: Prove that 
(i) sintA — costA = 1 — 2 cos? A 
(ii) costA + sin*4 + 2 зіп? А cos*4 = 1 
Solution : 2 ink 
(i) sin*A — costA = (sin*4)* — (cos? A)? c 
= (sin*4 + cos*A) (sin*4 — cos*4) ~ 
= (1) КІ — cos?4) — cost], , 
= 1—2cos?4 i 
(ii) costA + sin*4 + 2 sin*A cos*4 = (cos*A)* + (sin24): + 2sin?A X cos?A 
= Саи + sin?) 
= 1 


Example 4 : Prove that р 

: 1+ sin A 1+ зіп 4" 

e A uan d “waa УЗА ian 4 

* е 4 , 
(i) If sin 0 = >> then evaluate the following expression : 


1 
cos 0 — RT 
2 cosec 8 
Solution : (i) 


{шаш NEEX:YWUBETTY 
1 7 sin A l—sin4 Х TF sin A 
NETT) TAFE Mio 
rs 1+ sin A à S 
cos? A 
1+sinA 
cos A 
MIND Y 
` COSA: cos 4 
= sec A + tan A 


(i) Now; sing = 4 R анн: 


І 


cos*ü = 1 — sin’? 


A 
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3. 
г соб . э . T 
4. cope = sin 8 ет = 
5 
` 1 1 
E cos 0 сог _ cos 0 — E 
ü : 2 cosec 6 2 
sin ө 
d ca Se. 
eoe 
єз 
2 
= it 
S 15 
E 3 
2 
MS gee 
75 
Exercises 13.1 
1. Given sind = B. find the values of tan 0 and cos 0. 
2. Given tan @ = 29. determine the values of cos 0 and sin 6. 
1 
cos  — ——— — 
tan û iex d 
3. Evaluate 2 cot 8 when sin 0 = E 


4. Given cos — i 

^ ar 
cos 0 

sin Ө — tan 6 


Given cos 0 = а find the values of cot 0 and sin 0. 


determine the value of the expression 


Prove that соѕ*0 + sin“ — 2 sin*8 cos’? = i — 4 cos? sin. 
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Prove that :— 
sin A sie жо 
7. а созй 1 созй — sind 
1+cosA_ | 1+ соѕ4 _ 
8. Tacos SAA cosec A + cot A 
9. sintA — cos*4 = sin*4 — cos?4 = 2 sin*4 —1 
10. cos tan 0 + cos 0 sec 0 = 1 + sin 0 
11. (cos A — sin A)? + (cos A + sin A)? = 2 
12. sec 4 (1 — sin A) (sec A + tan A) = 1 
13 1 + cos A sin A ase) 
ATE sin A 1+ cos A sin A 


MATHEMATICS 


14. sec 0 + tan 0 


= 2 
one 4e) n5 


15. If tan = К? find the value of the expression 


cos 0 + sin 6 
cos 9 — sin 0 ` 


(Hint : Divide the numerator and the denominator by cos 9.) 


13.5 Behaviour of Trigonometric Ratios as 0 Varies from 0° to 90° 


Now we examine as to how the values of sin 0, cos 0 and tan 0 behave while @ varies 


from 0° to 90°. 


Consider a point P (x, y) on the arc of a unit circle (Fig. 13.7). We have taken the 
unit circle only for the sake of convenience. You can see by drawing the figure that 


.the trigonometric ratio of the angle does 
not depend upon the radius of the circle on 
which P istaken. Find the reason for this. 

So the radius of circle — OP — 1 
From P, draw PM perpendicular on 
x-axis and denote / MOP by 8, 


т: P be a moving point taking different 
positions on the arc of the circle starting from 
the point R on the x-axis. ; 

In its initial position, 

/ МОР = 0°. 

In this case, the abscissa of the point P 
is the radius of the circle i.e. 1 and the ordi- 
nate is zero. 


Similarly in another ‘position, let the point 
P be on the y-axis coinciding with S, resulting 
in ZMOP = 90°. In this case, abscissa of the 
point P is zero and the ordinate is 1. 


Y 


Fig, 13.7 
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Now we observe the following: 
When 6 = 0°, y=Oandx=1 


sin 0° = قز ی لے ہے کہ‎ 
r 1 
ый шш 
cos 0° = — =a = 1 
sin 0° 0 
t ° = EE 
Ben cos 0° 1 0 


y 


sin 90° 
cos 90? — x= 
F 


о = 
tan 90° = “Cos 90° 
Since cos 90° is zero and division by zero is not defined, tan 90° is not defined 


i Fig. 13.8, let ZPOM = 9 and as Р 
cakes different positions, 0 varies from 0° to 
90°. 
You see in Fig. 13.8 that the perpendi- 
cular PıMı of AP,OM; is greater than the 


perpendicular PM of APOM. 

So with the increase in the angle, the per- 
pendicular i.e. opposite side goes on increasing 
while the adjacent side of the triangle goes cn 


decreasing. 

Therefore, when angle 6 increases from 
0° to 90°, the sine of the angle i.e. sin also 
increases. At 0 = 90° it is equal to 1. So sin 0 
increases from 0 to las g increases from 0° 


to 90°. 
Similarly, the cosine of the angle Fig. 13.8 
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0i o 
decreases from 1 to 0 as © increases from 0° to 90? because the adjacent side goes ов 


decreasing. 
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Now we can observe the behaviour of sin 6, 
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cos ô and tan @ from the following 


tabular form : 
At 8 = 0° As 8 varies from 0° to 90° At 0 — 90? 
y=0 y increases from 0 to 1 у=1 
= | X decreases from 1 to 0 x=0 
sin 6 = 0 sin 0 increases from 0 to 1 sin 0 = 1 
cos 0 = 1 cos @ decreases from 1 to 0 с050 = 0 
tang = 0 tan 0 increases 


tan 0 is not defined 


ree Аль 


13.6 Trigonometrical Ratios for Some Angles 
A. Trigonometrical Ratios for an Angle of 30° 
Consider the position of the point P on 
the unit circle such that / КОР = 30°. 
From Р, draw PM ıl. x-axis and 
produce it to cut the circle at Q. Join 
OQ (Fig. 13.9) . 
Now, / QOM = 30° (Why 2) 
ZMPO = / MQO =60° 


А OPQ is an equilateral tri- 
angle. 


OP is the radius of the unit circle. 
РО = ОР = | апа 


ИР? ЛЫ 
2 
So ОМ? = ОР? — мр» 
emi. 
1 gx 
E 
ОМ = == 
2 
sin 30° = MP 
al 
018 
I 2 


hig. 13.9 
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Уз 
єбє = О. x = А Зи 
1 1 3. 
1 
MP E 1 


jo OM = 
cot 30° = MP = = 8 
2 
о 1 1 2 
sec 30° = —— = LL = — 
M Хз з 
2 
Sut Деб. 
casec 30° = pU uu 
2 


B. Trigonometrical Ratios for an Angle of 60° 
Consider the position of the point P on the unit circle such that 
ZQOP = 60° (Fig. 13.10). | 

Draw PM 1 OQ. Join PQ. 


Now ОР = 00 = 1. 
MP is the right bisector of оо. 


“<Why ? ) 
Therefore, OM 


Y 


Fig. 13.10 


Now, sin 60° = OP 


cos 60° = pp — 


180 
ма 
БИРЕР, GD MAS = 
tan 60 C inum a AE 
2 
PR 
ОМ _ ا سے‎ 
pu XM Vv 
2 
Reb e 
PSU NONE T 2 
2 
cosec 60? — ОЕ 1 2 
МР AS VS 
2 


C: Trigonometrical Ratios for an Angle of 45° 
Consider the position of the point P on the 
unit circle such that /.ООР = 45°. From Р, 
draw PM 1 ОХ (Fig. 13.11). Here we observe 
that MOP is an isosceles triangle and 


OM — MP 
OP? = OM? + MP? 
= OM? + OM? 
= 2 OM? 
ОР = 4/7 ОМ 
OP 1 
ОМ = —— = == 
v2 v2 
1 
So ОМ = МР = 
V2 
Now, sin 45° = OP = МР E. 
Sos do eec A OM afl 
m CUN 
MP 
Ase کے کے‎ 
tan 45 OM 1 
w-. OM _ 
cot 45 = IP =1 
$us AD . i 
sec 45 =M = or V2 
T ОР 
cosec 45° = —— = 


T = 
MP p 


Fig. 13.11 
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D. Trigonometrical Ratios for an Angle of 0* 
We have already seen in section 13.5 that sin 0? = 0, cos 0° = 1 and tan 0° =0 
As for other trigonometrical ratios are concerned, we have ` 
1 1 
= 1 


cos 0° A 


sec 0° = 


We know that tan 0° = 0. Since division by zero is not 


VIN d 
Now cot 0° = 20° 


defined, cot 0° is not defined. Similarly c 0° = - 58 i 22 
is not define i y cosec dag sin 02:0; and Жене 


cosec 0° is also not defined. 

E. Trigonometrical Ratios for an Angle of 90° 

In section 13.5 we established that the values of sin 90? = 1 and cos 90° = 0 
As discussed earlier, tan 90° is not defined. à 


Similarly, sec 90° is not defined, 
cos 90° 0 


while cot 90 с=с 71 79 
amc B uio 
cosec 90 = Fin 909 1 


Now we summarize the values of the trigonometrical ratios iu the following tabular 


form: 


sin 0 


cos 0 0 
Not d 
tan # 0 ейпей 
cot 0 Not defined 0 
sec 0 1 Not defined 


cosec 9 | Not defined 
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An aid іо memory for writing the values of sin 0 and cos 0 for the above angles 
is as under : 


Angle 6 


T-ratio 


13.7 Trigonometrical Ratios of Complementary Angles 
Let us consider the right triangle QOP (Fig. 13. 12); 

Let / QOP = 
In A, ООР, OQ is the adjacent side and OP 
is the opposite side with respect ‘to 958 
So, 


on PO 
sin 0 = OP cosec 0 = 0 
206 _ ЧОР 
cos 0 = OP 5 adimi 
PQ og 
=з БЕ. Qe VS 
tan 0 00 > cot PO 


Considering the angle QPO which is 
90*—0, OP is the adjacent side and OQ is 
the opposite side. , 
FRE аир Fig. 13.12 


sin (90° — 0) = 90 = cos 0 


cos (90° — 0) = E: — sin 8 


tan (90° — 9) = 99. = cot 0 


cot (90° — 9) = So = tan 6 


о Р 
sec (90° — 6) = Qr = cosec 0. 


cosec (90°—9) = oo = sec 0 


90° 
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Example 1: Evaluate 


Solution : 


0) 


Solution : 


sin 20? sin 2 


cos 70° . 
sin 20° 
cos 70° = cos (90° — 20°) = sin 20° 
cos 70°: sin 20° 


0° = 1 


Example 2: Find the value of 
sin 30° + tan 45^ — , sin 60* _ соѕ 30° 
cos 45° sec 60° ` cot 45° sin 90° 
(ii) sin?60° + cos?30° -+ tan®45° + sec*60? — cosec?30? 
(i) sin 30° Фф tan 45° sin 60° ‘cas 30° 
cos 45° sec 60° cot 45? ^ sin 90° 
a ae WS i à 
80 bg 2t Be 2 
1 + 2 1 1 
woo 
aX. QJ M3 uw 3. ИНЧЕ аЗ SME 
2v 2 2 «552 .2 
м2 +1-2 м3 : 
эң 2 


(i) sin®60° + cos? 30° + tan? 45° + sec" 60° — cosec* 30° 


Calculate the value of each of the following : 


G) 


(+ 


4 4 
3 EN 
= 2-4 1 = 


1 + tan? 60° 


(iii) 1 — sec? 30° 


(v) cos? 0? — tan? 45° 


(vii) 


tan 59°_ 
cot 31° 


+444 


Exercises 13.2 


(ii) 
(v) 
(vi) 


cot? 45° + cos? 30° 
1 + cosec? 30°- 
sin 49° 
cos 41° 
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2. Find the value of ; 
(i) sin 60? cos 30° + cos 60° sin 30° 


tan 45° 
H س‎ 
G) — 230° F cos 30° 
iii) tan 60 


sec 60° ++ соѕес 60° 
3. Find the value of 
лап? 60° + 4 cos? 45° + 3 sec? 30° + 5 cos? 90° 
4, Prove that 
(0 2sin* 60° соз 60° = > pp, Seo 
4 sec 51° 
13.8 Miscellaneous Examples Involving Trigonometrical Ratios 


А 1581 :0ї formulae and identities is given below for ready reference: 


sind . 1 cos 10 
(0) пап ов 8" CON ie 7 
(b) cosec 6— ls abdo ii. coto = ل‎ 
sin 8 cos 0 ’ tan @ 


(с) sin* 6+ cos? 0 = 1; ѕес? 0 = 1 + tan? 0 ; cosec? 0 = 1 + cot? 0 
(4) sin (90°— 0) = cos@; соз (90° — 0) = sing; tan (90° — 6) = cot 0 ; 
cosec (90*—0)— sec 0 j; sec (90° — 8) = cosec 6; cot (90° — 6) = {апе 


Е ѕес0 + 1\2 sech +1 
Example 1: Prove that [A ў ) = ЕЙТ. 


. (seco +1 \* (весе + 1 
Solution : ( tan @ ) tan? @ І 
= (sec 6 + 1)2 
sec? à — 1 
= . (sec 0 + 1)2 
Е! 
свеса —] - 
Example 2: Prove that os? 0 (1 + tap? 0) + sin? 9 t dad 
Solution: cos? @ (1 + tan* 0) + sin? 8 (1 + cop = 
= cos? 0 sec? 0 + зіп? 0 cosec? 9 


6) =2 
9) 


“1 А 1 
2 
ыс; TR “sin? 0 
= 1 "3 
Example 3: Prove that Ын 


1 
I= sinê *1 + sind 7 2sec*8 
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Solution : 1 T 1 8 1 -+ 5100 + 1 — sin 8 
° 1-—sin8 1 + sin 6 (1 — sin 0) (1 + sin 2) 
Б 2 
~ т—зш?# 
ED 
|. cos? 8 
= 2 sec? 6 


Example 4: Verify that 


4 (sin* 60° + соѕ* 30°) —3 (tan? 60° — tan? 45°) + 5 cos? 45° 


Solution; We know that 
Р /3 = 
sin 60° = Y З cos 30° = = tan 60° = y 3» 
1 
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tan 45? = 1 and cos 45° = VEU Substituting these values, we get 


4 (sin* 60° + cos* 30°) —3 (tan? 60° — tan? 45°) + 5 cos? 45° 


=й (LEY + (YE) ] "evi «sav s( 


++ وچ + ) ود 


Exercises 13.3 


Prove the following identities : 
cos 0 . cot 0 
Lo 1 — sin 8 
(ii) 1-cosÓ0 — tan? à 
1 — cos 8 (sec 8 = 1)? 


oa sec@-+tan@ _ " 
(iii) Toe aid (sec 8 + tan 0) 


= 1 + cosec 0 


sa cos’ 0 |. cot? 6 
6) sin? 0 Tie cos? 8 
Я cot 8 
2 © cos? 8 =ч 


шр Sin 8 cos 0 


i) sin? Ajj Соз AE 1 
H) "cos? A sin? A 


-7 sin? A cos? A 
3. Find the values of the expressions : 
(i) cos 60? cos 45° — sin 60° sin 45° 
(ii) sin 45° cos 30° — cos 45° sin 30? 
4. Bytaking 4 — 30^, verify that 
(i) cos 24 = 2 соѕ? A — 1 
(i) sin 24 = 2 sin А cos А 
La $c? - {ап А 
(iii) tan 24 = Т Тай 
5. Find the value of | 1 
Р 4 уў) арас 7и 
7 © cot* 30" +5 . sin? 60° = Cos dS 
' (ii) 3 cos? 60° + 2 cot? 30° — 5 sin? 45° 
6. Iftan P , find the value of `` 
Co «sin 0 + cos ô 
0 cos Û — sin Û 
Gi) 2 sin 0 cos 9 
cos? 0 — sin? 0 


2 
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CHAPTER 14 


casita Heights and Distances — 


14.1 Trigonometrical Table тё T ۴ ds 
In the previous chapter, we found tbe values of the trigonometrical ratios of certain’ 
angles such as 0°, 30°, 45°, 60° and 90°, using certain geometrical constructions. - For - 
finding the values: of trigonometrical ‘ratios of any -angle between 0° and 90° -table 
of trigotiometrical ratios is ‘available. (The table is printed as appendix in the end.) 
In the table the angles аге listéd at intervals of 10’. "Тһе values of the trigonometrical - 
ratios given in the table are’ approximate, Ьо Беу are’ adequate for all practical 
purposes. We have already seen that there are certain trigonometrical ratios.which are 
not defined for certain angles such as tan 90°, sec 90°, cot 0? and cosec 0°. So the 
corresponding entries are Icft blank in the table. - You will alsc notice that the table 
contains trigonometrical ratios of only sine(sin), cosine(cos) and.tangent(tan) of angles. 
But you know that the other three trigonometrical ratios namely cosecant, secant and 
cotangent of angles are the reciprocals of the three given in the table and hence their 
values can be easily computed. Now let us understand how to refer to the table for Й 
finding the values of trigonometrical ratios of different angles. - 


A. part of the table is reproduced below: 


Degrees 


1812. 
7860 
` 7907 
‚1954 
‚8002 
8050 
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Let us find, say, sin 38° 30' and cos 38° 50’ from the table. The first column of the 
table gives the angles. We are to find sin 38° 30'. So, find where 38° 30' is in the first 
column. It is in the fourth row, ‘sin’ is in the second column.. The entry in the fourth 
roW and second column, therefore, Bives the value of Sin 38? 30', You find that 
sin 38° 30’ = .6225. In the same way, you can find cos 38° 50’ by looking into the entry in 
the sixth row (corresponding to the angle 38° 50') and the third column (corresponding 
to the trigonometric ratio ‘cos’) and get cos 38° 50’ = ‚7790. 

We can use the table not only for finding the values oft 
given angles, but, given the value of a trigonometrical ratio 


column first and find where th 
given value of tan @ is located. We find that it isin the fourth row, Now we will find 


the angle corresponding to this fourth row. The angle is 38° 30'. So the required angle 
is 38° 30’. 

Sometimes we require the values of trigonometrical Tatios o 
multiples of 10’ and therefore they are not availabje in the t 
may proceed as follows. We may assume that 

variation in 6. For exam le, let 
how to find the value of sin 38° 38” and cos 38° 38’. ТКН US) зор. 
From the table, we have : 
sin 38°30’ = .6225 
sin 38°40’ = 6248 
Difference for 10' variation = .6248 — .6225 = ‚0023 
.0023 
10 X 8 = .0018 
sin 38° 38' = .6225 + .0018 
= .6243 
(We are adding .0018 to the value of sin 38° 30', since the value of sin 9 i 
increases) in 6 increases аз g 
Again from the table : 
cos 38° 30’ = .7826 
cos 38° 40’ = .7808 
Difference for 10' variation = .7826 — .7808 = .0018 
T .00 
Difference for 8' variation — 105 X 8 = 0914 

Ba cos 38° 38’ = .7826 — .00!4 = .7812 

(We are subtracting .0014 from the value of cog 38° 


Difference for 8' variation = 


30’ since the yal 
decreases as 0 increases.) value of cos 9 
Example 1: Find the values of sin 47° 20', cos 47° 19 


and tan 47° 50’ 


table. from the 


HEIGHTS AND DISTANCES 189 


Solution: We look into the table given in the appendix. 
We find that: 

sin 47° 20' = .7353 

cos 47? 10' — .6799 

tan 47° 50' = 1.104 


I vampie 2: Find the values of x, у, z (between 0° and 90°) given that : 


tan x — 1.643 
cos y = .5250 
sinz — .7528 


Solution: We look into the table given in the appendix. 


We look for the entry 1.643 in the 'tan' column and look for the angle in the 
corresponding row. We find that tan 58° 40' — 1.643 


x = 58° 40' 

In the same way, we find that : 
y — 58? 20' 
z = 48° 50’ 


Exercises 14.1 


1. Find the value of each of the following trigonometrical ratios : 


(i) sin 61° (ii) cos 53° (iii) tam 53°10’ 
(iv) cos 39°50’ (у) sin 7°40’ (vi) cos 1°30’ 
(уй) cos 44°38" (viii) tan 67°35" 5 


2. For each of the following values, find the corresponding value of 0 : 
(i) sin8 = .2504 (ii) cos 0 = .9159 (iii) tan 0 = 1.079 
(iv) sin 8 = .8465 (у) cos @ = .4462 (vi) tan 0 = 2.651 
(vii) sin 0 = .7001 (viii) cos 0 = .3781 


14.2 Heights and Distances 
Fig. 14.1 shows a flag fluttering on the top of a pole AC. We are interested to 
find the height of this pole above the ground. How can we find the height ? 
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Let us take a point B on the ground. 
We can easily measure BC. Now AC 
subtends / ABC at B. If we can measure 
this angle ABC, then we can find AC with 
the help of our knowledgeof trigono- 
metry. 


Imagine you are at B (asa point) 
and looking up at A. Your line of sight 
is along BA and it is making ZABC with 
the horizontal line BC. This angle ABC is 
called the angle of elevation of A from B. 


Now how to measure the angle of 
elevation і.е. / ABC ? А simple instru- 
ment known as CLINOMETER is used 
for this purpose (Fig. 14.2). It consists of 
a vertical stand on which а protractor is 
hinged. A plumb line is freely suspended 
from the centre. The protractor can be 
rotated about the hinge. 


To find the angle of elevation ABC, 
the clinometer is placed at a convenient 
point (Fig. 14.3). Keeping the eye at B, 
the protractor is rotated such that the line 
of sight BA coincides with straight edge 
of the protractor. The reading on the 
protractor as indicated by the plumb line 
(which always remains vertical) gives the 
angle of elevation. 


B 
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Suppose you are onthe top ofa 
tower AC and looking down at an object 
: B on the ground (Fig. 14.4). Your line of 
sight will be along AB. This line of sight 
x AB makes angle DAB with the horizontal 
through 4. This angle DAB is called the 
angle of depression of B from A. You can 
easily see that the angle of elevation of 4 
from B is equal to the angle of depre- 
ssion of В from A. Explain *why'. 


HORIZONTAL LINE 


G 
Fig. 14.4 


It is stated above that once we know the angle of elevation and the distance of th 
e 


point of observat 

using the knowled 
Example 1 : 

of the side. Find the value of x. 
Solution : 

In figure 14.5, 
Opposite side _ X — sin 30° 

Hypotenuse 5 


We know that sin 30° = + 


EIEEEI i 
35^ RP 12.5 


Ж ' 


In figure 14.6, 
^ ` Adjacent side _ X _ s 
Hypotenuse 3> = 00860 


i ‘We know that cos 60° = ES 
e esp Mel e 
Hc rt A 


ion from the foot of the tower, we can find the heigh 
54 to 
ge of trigonometry. The following examples Дк ачыс des re 
In the right triangles of figures 14.5 to 14.7, x denotes the ра gth 


2 
Sm 


xm 


PS 


Fig. 14.5 


(\ 


xm 
Fig. 14.6 
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In figure 14.7, / 
Opposite side _ x _ S 
‘Adjacent side 40 — tanio 


From the table, tan 40° = .8391 = 


ee = 
- "40 8391 = x = 33.56 


PSs 


40m 
Fig. 14.7 


Example 2 : The angle of elevation of the top of a chimney AB is 58° from a point 
C on the ground at a distance of 200 metres from the base of the chimney. Calculate the 
height of the chimney. 

Solution: Let the height of the chimney be x metres (Fig. 14.8). 


A 
In A ABC, 
Opposite side _ х _ 
Adjacent side 200 — кышы 
= 200 X tan 58° E 
— 200 x 1.60 x 
= 320 
Height of the chimney is 320 m. А 
58 
C B 
200m 
Fig. 14.8 


Example 3: A ladder is placed agai 
gainst a wall such dm s 
the wall. The foot of the ladder is 1.5 metres away io ш Y ye Teaches the top of 
inclined at an angle of 68° with the ground. Find the height of the Ti ae es 
all. 
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Solution: Let the height of wall be hm (Fig. 14.9). 


In A ACB, 


Opposite side _ ^... tan 68° 
Adjacent side 1.5 
h= 1.5 x tan 68° 
= 1.5 х 2.475 
= 3.11 (аургох.) 


hm 


Height of the wall = 3.71 m 
687A. 
B 15m С 
T ; i Fig. 14.9 

Example 4: An electric pole is 10 m high. A steel-wire tied to the top of the pole 
and affixed at а point оп the ground to keep the pole vertical, makes an angle of 49° 
with the horizontal line through the foot of the pole. Find the length of the steel wire 
Solution : Let AB be the pole and let the length of the steel wire AC be x m 


(Fig. 14.10). 
A 


In A ACB, 

Opposite side _ TONS Р, 
Hypotenuse x = sin 49 
10 уы 

x 


Fig. 14.10 
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c x= "EY оеду = 13:25 


H ence, the length of the wire — 13.25 m 


Example 5: The shadow of a tower standing on a level ground is found to be 
45 m longer when the sun’s altitude is 30° than when it was 60°. Find the height of 
the tower. 


A 
Solution : Let the height of the tower 
ABbehm. Now BD is the shadow of the E 
tower when sun's altitude is 30° and BC is к= 
the shadow when the sun'sj altitude is 60° 
(Fig. 14.11). Ф /N 
D 
ned bm-———-—sp B 
Fig. 14.11 
Now DC = 45 m, i.e. BD — СВ = 45m +i) 
In Д ABD, 5 = tan 30° 
FE h 1 
һе, "BD = УЗ. 
BD = 43h i) 
- I A acs, 42 = tan 60° ü 
чен: Аа 
h == 
ie CB ^ V3 
و‎ 
43 (й) 


From (i), (ii) and (iii), 
“ер 07 
v3 : 
Le. 3h — h= 45 у 3 = 45 x 1.732 


‚Ж һ = 38.97 7 
Hence, height of the tower is 38.97 m. 
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12. 


Exercises 14.2 


A tower subtends an angle of 30° at a point on the gro 
fs und wh i : 
150 metres from its basc. Find the height of the Коса е cence ты 
The angles of depression of two ships on either side ofa li 
; a light-hou 
bei ошо top of the light-house аге 52° and 41°40 S pce x е 
eight of the light-house is 150 met 1 i 
shine 8 etres, find the distance between the two 
A vertical pole is 300 metres high. Find the angle subtend 
ү o ed by th 
point 300 МЗ metres from its base. y the pole ata 
The shadow of a minar is 80 metres long when the alti 
pev А i ltit ; 
41*50'. Find the height of the minar. itude of the sun is 
A ladder resting against a vertical wall, is inclined at 
, anangle of 29? to th 
ground. The foot of the ladder is 2.5 metres from the wall. Fi S. 
of the ladder. all. Find the length 
Two ships are sailing in the sea on either side of a ligh 
3 s = ght-house. 
depression of two ships as observed from the top of the о ee of 
and 40°30’ respectively. If the light-house is 200 metres high Bab 50 
distance between the ships. » find the 
A helicopter, at an altitude of 1500 metres finds that two shi 
: E Ш sh: ul 
towards it, in the same direction. The angles of depression Er oh sailing 
observed from the helicopter are 60° and 30° respectively. Find His сиз a 
between the two ships. e distance 
Two poles of equal heights are standing opposite to each oth 
: z I i 8 
of a road, which is 100 metres wide. From a point оа er side 
road, the angles of elevation of the tops are 30° and 60°. Find th em on the 
of the point and also the heights of the poles. € position 
A flag-staff stands оп the top of a5m high tower. Е i 
ground the angle of elevation of the top of the flag-staff is "60" à ii ik ues 
same point the angle of elevation ofthe top ofthe tower is 455 from the 
height of the flag-staff. . Find the 
А pole 5 m high is fixed on the top ofatower. Thean 
gle of 1 
top of the pole observed from a point A on the ground is 57° Eo wd of the 
depression of the point A from the top of the tower is 42°, Eid ones of 
of the tower- : the height 
On the same side of a tower two objects are located. Obse 
> H rved 
of the tower, their angles of depression are 45° and 60°. net the top 
between the two objects, if the height of the tower is 300 metres € distance 
A kite is flown with а thread 250 metres long. If the thread is ass; 
stretched straight and makes an angle of 55° with the ona assumed 
height of the kite above the ground. al, find the 


CHAPTER 15 


Surface Area and Volume 


15.1 Solid Figures 


In the earlier classes, we have studied about area of piane figures. Let us recall that 
area is the measure of the region enclosed by a plane figure. We will now consider 
some figures other than plane figures which occupy space and have more than two 
dimensions. .Figures having three dimensions are called solids. A box, ajar, a ball, 
an inkpot, a brick are some examples of solids. 


15.2 Cuboid and Cube 


A solid figure bounded by six rectangular plane surfaces (faces) is called a cuboid. 
A chalk box, a brick or a matchbox, D 
aré examples of a cuboid. All the three 
dimensions of acuboid need not be the 
same. Fig. 15.1 is the diagram of a 
cuboid. A cuboid has three pairs of 
parallel and congruent faces. Any two 
adjacent faces meet along a line segment 
called edge of the cuboid. The point of 
intersection of three edges is called a 
vertex of the cuboid. The three edges 
at any vertex are mutually perpendicu- 
lar. Itcan be observed that a cuboid 
has 12 edges and 8 vertices. In figure 
15.1 of a cuboid, note the following ; Я 
(i) Ais one of the vertices where three edges A'A, DA and BA 
(ii) Bisa vertex where three faces ABCD, ABB’ A' and BCC’ R meet. 
` (iii) The edges AB, A'B', DC, and D'C' are equal. pect 
(iv) The edges BC, B'C', AD and A'D' are equal. 
(у) The edges Ad’, BB’, CC’ and DD’ are equal, 
We, thus, observe that the twelve edges of a cubi 
groups as indicated in (ii), (iv) and (v). The measur 
generally called the length, the measure of the edges in gr 
and the measure of the edges in group (v) the height or th 


oid can be divided into three 
e of the edges in group (iii) is 
oup (iv) the breadth or width, 
ickness of the cuboid. 
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. ff all the edges of a cuboid are equal, it is said 
4 , to bea д і 
acube, all the six faces are squares of equal area. cube tonc нек дош ш 


TOTAL SURFACE AREA OF A CUBOID AND CUBE 
If we observe а cuboid, we find that certain amount f i insi 
bounding surface which are all plane figures (rectangles). The dba of apre Mi | 
of a 
D' 


1hese plane figures, forming the bounding 
surface is called the surface area of the 


cuboid. 


X 
Ni... Neu 


Consider the cuboid 
(ABCD,' А B'C'D'in Fig. 15.2 whose 
length, breadth and height are I, b and 
h respectively. 


Fig. 15.2 


The surface of the cuboid consists of 3 i 
pairs of congruent 
rectangles 


(ABCD, A'B'C'D') (ADD' A', ВСС'В) and (АВВ'А', CDD'C' 
are ( x b), (b X № and (h X 0). ) whose areas respectively 


Thus, the total surface area of the cuboid is 2 IX b--bx h--hxl 
of a cube, | — b — hand hence the total surface area of a cube es In p case 
an edge of 


measure / is 61%; 


UNIT OF VOLUME 


da unit square as the unit to measure areas of geometric fi 
hoose a unit cube as unit to measure volume. A cube Bures. In 
h is called a unit cube. whose edge 


Recall that we use 
the same way we € 
measures unit lengt 


198 MATHEMATICS. 


VOLUME OF A CUBOID 


Take 5 unit cubes. Place them one after another as in Fig.15.3. These when so 
placed form a cuboid whose length is of 5 units and breadth and height are of one unit. 
The space occupied by the cuboid is 5 unit cubes. 


Fig. 15.3 


Next, place 4 such cuboids side by side as shown іп Fig. 15.4. This forms a 
cuboid whose length is 5 units, breadth is 4 units and height is 1 unit, 


Т 3 Itis clear that 
the number of unit cubes in such a cuboid is 5 X 4 i.e, 20. 


Fig. 15.4 
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Lastly on this cuboid of dimen- 
sions 5 X 4 X 1 put two more cuboids 
of the same dimensions as shown in 
figure 15.5. Then we get a cuboid 
whose base is a rectangle of dimensions 
5 X 4and whose height is 3 units. This 
cuboid is, thus, made up of 5 X 4 x 3 
unit cubes. Soa cuboid whose length, 
breadth and height are respectively 5, 4 
and 3 units is made up of 5 x 4 x 3 
unit cubes. 

Hence, volume of this cuboid 

= 5 X 4 X 3 unit cubes 
= 60 unit cubes 


Fig 15.5 


From this discussion, we can arrive at a formula for the volume of a cuboid 
Volume V of a cuboid is : * 
V = length-X-breadth X height 
— (area of the base) X height 
In brief, we can write V = 7 x b x h, where Í, b and h are length, breadth and 
height of the cuboid. 
It follows that the volume of a cube of length / is 
И=1хіх1= 13 
The volume of a cube of edge 1 cm is 1 cubic centimetre ог 1 cm? (read 
cubic centimetre). as one 
Example 1 : Find the surface area and volume of a cube whose edge is 4 metres 
Solution : Edge / of the cube — 4m . 
Surface area of the cube = 6 X 2 = 6 x (4m)? 
= 6 X 16 m? = 96 m? 

Volume of the cube = P = (4m)? = 64 m? 
Example 2 : The surface area of a cube is 486 sq. metres. Find its volume. 
Solution : A cube has 6 surfaces of equal area. E Р 

Area of one surface = 486т° + 6 = 81 m? 

Edge of the cube = У 81 ш? = 9 m 

Volume of the cube = (9 m)? = 729 m? 
Example 3 : A tank is with rectangular base of dimensions 300 m by 150 m. With 

what velocity per second must water flow into it through a pipe whose rectangular Me 


section measures 8 dm by 5 dm so that the level may be raised 3 = dm in 2 hours ? 
Solution : Volume of incoming water in the tank in 2 hours is 


( 300m x 150m x 3 т) = 15000 me 
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Я 8 , СЭ 
Also, атга of the cross section = jp ™ x т = 5m 


es йо 
The length of water column in 2 hours = 15000 m? -- = m? 


= 37500 m 
37500 


25 Velocity of water = ;— m/s 


Exercises 15.1 


1. Six cubes, each with 12 cm ed 
area of the resulting cuboid, 

2. А box with lid is made of 2 cm thick wood. Its external length, breadth and 
height аге 25 cm, 18 ст and 15 cm Tespecti 


Vely. How many cubic centi- 
metres of a liquid can be placed in it? Find also the volume of the wood 
used in it. 


Ве are joined end to end. Find the surface 


3. Ап ореп box is made of woo 
breadth 1.16 m and hej 
at Rs 5 per m*, 


d 3 cm thick, Its external length is 1.48 m, 
ght 8.3 dm. Find the cost of painting the inner surface 


d, and the earth taken out of it is spread evenly 
over the field. How much is ised 7 
ed wooden box are 10 cm by 8 cm by7 cm. 


Thickness of the wood is 1 ст, Find the total cost of wood required to make 
the box, if 1 cm? of Wood costs Rs 2.00, 


6. 500 men took dip in a tank whic 


the rise in the water level if the 
4 m3? 
7. Water in a canal, 30 dm ide and 12 dm 


w 
100 km an hour. How much area will it irri 
standing water is desired ? 


5. The outer dimensions of a clos 


h 15 80 m long and 50 m broad. What is 
average displacement of water by a man is 


deep, is flowing with velocity of 
gate in 30 minutes if8 cm О 
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15.3 Right Circular Cylinder 
If we observe a lawn roller or a water pipe, we find that i 
p ; its two planely ends i 

апа the lateral face is curved. These objects are examples of solid figures ad Gros 

lar cylinders. The distance between the centres of the circular faces is called the Ee ht 

of the cylinder and the line joining these centres is called the axis of the cylinder. s 

It can easily be seen that if we rotate a rectangle about its si : 
| one of 

solid so generated will be a right circular cylinder whose axis will ore — 

rectangle about which it is rotated and the other side will be the a iL. the 
of the plane 


circular face of the cylinder. 


SURFACE AREA OF A CYLINDER 


Consider a right circular cylinder 
-whose height (00')ish and radius (OP) of the 
base is r (Fig. 15.6). The surface area of 
the cylinder is the sum (total) of the areas, 
of the two plane circular faces and the area 
of the curved surface. In order to find the 
area of the curved surface of the cylinder, 
from the point P, draw a line PQ perpendicu- 
lar to the base, meeting the opposite face at 
О. Suppose the cylinder is hollow and made 


Fig. 15.6 
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up of card-board. If we cut the cylinder along PQ and make it flat. we will obtain a 
rectangular sheet PQ Q'P' (Fig. 15.7) whose Q 0 
width PO is equal to the height ‘h’ of the ath 
cylinder and whose length PP’ is equal to the 
circumference of the base i.e. 2mr. 

Thus, the curved surface area 

—PP' x РО = 2arh 
Also, area of each circular face = ar? 


D 
' 
D 
1 
r 


.'. Total surface area == 27r? + 2 arh 
=2ar(r+h) P 


Fig. 15.7 


VOLUME OF A CYLINDER 


We have already learnt that the volume of a cylinder also is given by the product of the; 
area of the base and its height. 


The area of the base of a circular, cylinder of radius r is mr?, 


Therefore,the volume V of the cylinder of height A and radius of its base r 
=(area of the base) x: height. ie. V = mr?h, 


Note : Unless otherwise mentioned the value of т is taken as 22 or 3.14. 


7 
. Example 1: Find (i) the volume and (ii) the total surface area of a closed right 
circular cylinder whose radius is 5 m and height 21 m. І 


Solution : (i) Area of the base of the cylinder — zr? — 2 X5mx5m 


Volume of the Cylinder — area of the base x height 


ES X5mx5mx21m = 1650 m3 


(i) Area ofthe curved surface = 2 mrh = 2 x E X 5m X 21m 


= 660 m? 


Area of the two geo peo x Sum x Sui ? 
= 1571 e 
157 7 m * 
Total surface area = 660 m? -Ù 157 lm = 817 Tm 


Example2: A well whose internal diameter is 7 m has been sunk 22.5 m deep and 
the earth dug out is used to form an embankment 10.5 m wide around it (Fig, 15.8). 
Find the height of the embankment, Н 
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Solution: Radius of well =г = I m 


Volume of the earth dug out 
2 22-97 i 45 
= Paj жые ج‎ s c 
Tr 7 x 2 m x 2 mx 2 m 


— 3465_ Hj 
4 


Outer radius of embankment = 72 
= 3.5 ш + 10.5 ш = 14 ш 
Area of the embankment 
= outer area—inner area = 7 (= — ri) 
= EX E G5? )a* 


zd MISES 
= om 


Height of the embankment 
_ Volume 
Area Fig. 15.8 


ЖО че, es 115529 9 
тылу, m? = 2 m? = 1.5m 


° Exercises 15.2 


A cylindrical tower is 5 m in diameter and 14 m high. Find the cost of whit 
washing its curved surface at 50 paise per square metre. e: 
2. А solid cylinder has a total surface area of 231 cm?. Its curved surface area 


is 2 of the total surface area. Find the volume of the cylinder. 


3. Find the weight of a hollow cylindrical lead pipe 26 cm long and L ou sek 
Its external diameter is 5 cm- (Weight of 1 cm? of lead is 11.4 g.) 

4. The cost of painting the total outside surface of a closed cylindrical oil tank at 
25 paise per square decimetre is Rs 77. The height of the tank is three times 


the radius of the base of the tank. Find its volume. 
5. A well with inner diameter 8mis dug 14 m deep. Earth taken out of it has 
been spread evenly all around it to a width of 3m to form an embankment 


Find the height of the embankment. 
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the side OA containing the right a. 
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6. The sum of the radius of the base and the height of a solid cylinder is 37 m. 
If the total surface area of the solid cylinder is 1628 m?, find the circumference 

of its base and the volume of the cylinder. 

7. The height of a right circular cylinder is 6 m. Three times the sum of the areas 
of its two circular faces is twice the area of its curved surface. Find the radius 
of its base. 

8. 


50 circular plates, each of radius 7 cm and thickness a cm, are placed one 
above the other to form a solid right circular cylinder. Find (i) the total sur- 
face area and (ii) the volume of the cylinder so formed. 
O. Find їймє сазе лыб sing a thera Om, dening уау Domos S Wess 
REO Tte RTE ci уро ауа уук 
IN Tates УУ оза Pips whose internal diameter is 2 cm at the 
rate of 7 metres per second into a cylindrical 


] tank the radj i 
40cm. By how much will the level of water rise in half en "da 
154 Right Circular Cone ) à 


The upper portion ABC of a funnel (Fig. 15.9) is ал 


2 


Fig. 15.9 Fig. 15.10 
If we take a right-angled tria; 


ngular lamina OAB (Fig. 15.10) and rotate it along 
ngle, we will find that every point P on the hypo- 
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tenuse OB will generate a circle of radius PQ. ‘Its length will vary from zero at O to 


the maximum AB at A. The solid so generated is called a right circular cone. It will 
The flat surface will be a circle of radius 


have a curved surface and a flat surface. 
AB. OA is called the height of the cone, OB is called its slant height and O is called 
the radius of the base of 


the vertex of the cone. If л is the height of the cone and r is 
the cone, we obtain from Pythagoras theorem, the slant height OB given by 
OB? = OA? + AB? 


а 


paper. Let its h 
base AB = r, an 
Let uscutthe co 
and open it as shown 
Evidently the shape of t 
face will be the prd ofa 
centre ds O «and radius € 
length of the arc p' equal (otie 
circumference of the circular base 
*he cone. 


C 


Fig. 15.11 


of the sector OBCB' 
centre O and radius / 


Area of the circle with 
Ae ВСВ 
= — Circumference of a circle with centre O and radius / 
D mp? sacle 
nos 


Area 
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(г. i i O and radius /) 
or, area of the sector OBCB' = =~ (area of the circle with centre О an 


=X oP = al 


Thus, area of the curved surface of a cone = arl 
А 
Hence, total surface area of the cone 


area of the curved surface + area of the circular base = rl + mr? = mr(l +r) 


VOLUME OF A CONE 
The volume of a right circular cone is one-third of the volume of a right circular cylinder 
-of the same base and same height (the proof is beyond the Scope of this book). Hence, the 
‘volume V of a right circular cone of height h and radius r is given by 
dil 


V= > (volume of the cylinder of height л and radius r) 


= arih 


Example 1 : The vertical height of a conical tent is 4 2 


3 mand the radius of its 


base is 6 m. Itcan accommodate 11 persons, Find the average air space per person. 


Solution: Here h= A m and r — 6 m. 


-. Volume enclosed by the tent — T т? р = +x 2 „ 6m X 6m x LIS 
= 176 m? 


Average air space Per person = (176 — 11) m3 = 16 m? 


Example 2: A bucket made up of tin sheet is of height 20 cm and has its upper and 
lower ends of radius 24 cm and 8 cm, respec- 
tively (Fig. 15.12). Find the cost of bucket 
full of milk, at the Tate of Rs 5 per litre and 
the cost of the tin 


sheet used if the Cost of tin 
sheet is Re 1.00 per 100 cm?, 


(1000 cm3 — 1 litre) 


Solution: The volume of bucket is the 
difference of volumes of two cones OBB' and 
OCC’ of heights hı and h, respectively, 


From As OBA and OCD, we have 


Fig. 15.12 
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But hı = 20 + ha 
f 23h = 20 + hs 
ha = 10 cm 


hı = 20 cm + 10 cm = 30 cm 
1 1 1 
Volume of the bucket — з" (24 cm)? x 30 cm — p (8 cm)? X10 cm 


_ 22x 640x 26 , 
= 21 cm 
22746400606 ЖОГО. 
Cost of milk — Rs( 21 x 1000 ) — Rs 87.16 
(i) Let l, and Л, be the slant heights of the cones OCC’ and OBB’ respectively. 
Then, l, = М2 + 102 cm i 
= 12.8 cm 
and lı = У 24* + 30° cm 
= 38.4 сш 


Surface area of the bucket = тй — т rol, + 7 rj 


Za 7 
= 2775.8 cm? 


2: " 
= 22 x 24 em x 384 от 22. x8 cmx12.8 om + x 8 cm x8 cm 


1 Я 
Cost of the bucket = Rs 2775,8 X Tow X Rs 27.76 


Exercises 15.3 


Find the slant height of a cone whose volume is 1232 cm? and the radius of 


the base 7 cm. \ Я ; 
If the diameter of a cone is 14 cm and its slant height 9 cm, find the area of 


its curved surface. у 
The slant height and the diameter of a conical tomb аге 25m and 14m 
respectively. Find the cost of constructing it at Rs 2° perm? and also osi 
of white-washing its curved surface at 80 paise рег 100m*, 
4. The material of a solid cone is converted into the shape of a solid cylinder 


of equal radius. If the height of the cylinder is 5 cm, what is the height of 


the cone ? 1 à 
5. The radius and the height of a right circular cone are in the ratio of 5 : 12. 


If its volume is 314 cm’, find the slant height and the radius of the cone 
(use 7 = 3.14). 
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A conical vessel whose internal dimensions are 105 cm deep and 120 cm in 
} diameter is full of liquid- Ifa cubic decimetre of liquid weighs 1 kg 500 g, 
find the weight of liquidrcontained in the vessel. 
7. How many metres of cloth 3 m wide will be required to make a conical tent 
whose base radius is 12m and height is. 16m ? 
8. A circus tent consists ofa cylindrical base surmounted by a conical roof. 
The radius of the cylinder is 20m. The heights of the cylindrical and conical 


portions are respectively 42m and 21m. Find the volume of air contained in. 
he tent. 


The height of а cone is 30 cm. A small сопе is cut off at the top by a plane 


parallel to the base. Ifits volume be + of the volume of the given cone, at 


what height above the base is the section made ? 


10. A tent of height 33m is in the form ofa right circular cylinder of diameter 


120m and height 22m surmounted by a right circular cone of the same 
diameter. Find the cost of canvas of the tent at the rate of Rs 1.50 per m°. 


15.5 Sphere 


If we take а semi-circle AOBCA 
(Fig. 15.13) and rotate it about its 
diameter AB, the solid so generated by 
a complete revolution of the semi- 
circle about the diameter AB is called 


a sphere. A ball is an example of a 
sphere. 


Fig. 15.13 
The centre O and the Tadiu: mi-ci 
50 x | 
radius of the sphere, A or OB of the semi-circle are also called the centre and 


It will be observed that 
sphere will be a circle. — f we cut the sphere by any plane, then the section of the 


The radi i з : 
radius of the circular Section. will decrease as we move the plane away from 
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the centre of the sphere. In fact, the section that passes through the centre of the 
sphere is the largest, called a great circle. Such a plane cuts the sphere in two equa! 


parts, each called a hemisphere. 


VOLUME AND SURFACE AREA OF A SPHERE 


Westate without proof (which is beyond the scope of the present book) that the 
surface area A (say) and volume V of a sphere of radius r are given by 


А = Arr” 
v= + mr? 


Example 1: Find (i) the surface area and (ii) the volume of a sphere whose 


diameter is 14 cm. 
Solution: Diameter = 14 cm 
- radius (r) = 7 cm 
(i) Surface area of the sphere = Avr? 


гам ©з юты сыш 


(ii) Volume of the sphere = 4 mr? 


Ay 22 qiempx HS iem 
3:25 
— 1437 + сш? 
3 


Three solid metallic spheres of radii 6 cm, 8 cm and 10 cm respec- 
a single solid sphere. Find the radius of the resulting sphere. 
pheres of radii 6 cm, 8 cm and 10 cm are res- 
4 
4 4 x 3 T 3 3 
pectively j7 x rem 3" x gî cm? and -z 7 X 1Û cm. 


Example 2 : 
y are melted to form 


tivel 
The volumes of the 5 


Solution : 


If r cm be the radius of the resulting sphere, then 
4x9 +" × 10° 


хапае 
Dividing both sides by 4 т, we get 
рз 6° + 8° 1 10° = 1728 = 12 
r=12 


i.e. Radius of the resultin 


g sphere = 12 cm. 
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Exercises 15.4 


How many lead shots each 0.3 cm in diameter can be made froma cuboid of 
dimensions 9 cm X 11 cm X 12 cm ? 

A sphere has the same curved surface as the curved surface of a cone of 
height 360 cm and base radius 150 cm. Find the radius of the sphere. 


A sphere of diameter 5 ст is dropped into a cylindrical vessel partly filled 
with water. The diameter of the vessel is 10 cm. If the sphere is completely 
submerged, by how much will the surface of water rise ? 

The radii of the internal and externa 


l surfaces of a hollow metallic sphere’ are 
3 cm and 5 cm respectively. 


It is melted and its material cast into a solid 
cylinder of height 10 cm. Find the diameter of the cylinder. 


A toyisin the form ofa cone mounted on a hemisphere, 
the base of the cone is 6 cm а 


of the toy. (use т = 3.14) 


A spherical shell of ‘lead Whose external diameter is 18 cm is melted and 


recast into a right circular cylinder 8 cm high and 12 сш in diameter. Find 
the inner diameter of the shel] 


How many lead balls е 
radius is 8 cm ? 

The diameter of a Sphere is 6 cm, 
diameter 0.2 cm. Find the length of th 


A spherical ball of leag 3 ст in diameter is melted and recast into 3 spherical 


balls. А The diameter of the two of these are 1 cm and 1.5 cm respectively. 
What is the diameter of the third spherical ball ? 


The diameter of 
nd its height 4 cm, Calculate the surface area 


ach of radius 1 cm can be made from a sphere whose 


It is melted and drawn into a wire of 
e wire. 


CHAPTER 16 


Arithmetical Descriptors of Statistical Data 


16.1 Measures of Central Tendency 
In Class IX, statistical data were represented graphically to get some broad general ides 
about the nature of the data. The most important objective of statistical analysis is to 
obtain representative measures each of which describes a charactefistic of the entire 
data. An average is One of such representative measures. According to Professor 
Bowley, “averages are statistical constants which enable us to comprehend in a single 
effort the significance of the whole". They generally give us an idea about the concen- 
tration of ‘the values in the central part of the distribution. In fact, an average of a 
statistical data is the value which is representative of the entire data. As avera 

represents the entire data, its value lies somewhere jn between two extremes. For this 
reason, average is called a measure of central tendency. Normally most of ie 
values cluster around this average. It is in this sense that arithmetic average is e 


called arithmetic descriptor of location. 


AN IDEAL MEASURE OF LOCATION 


REQUISITES FOR 
deal measure of central tendency (location) should 


According to Professor Yule, an i 
possess the following characteristics : 
(a) It should be rigidly defined. 
(b) It should be easily understandable and easy to calculate. 
(c) It should be based on all the observations. 
(d) It should be suitable for further algebraic treatment, ie. if we are given th 
averages and sizes of а number of distributions, we shouldbe able £n сд} E 
late the average of the composite distribution obtained on cómbining ei 


givert distributions. 
(e) It should be affected as li 
The measures of central tendency that are 
() Arithmétic mean or mean 
(ii) Mode 
(э) ‘Harmonic mean 


ttle as possible by fluctuations of sampling. 
їп common use are : 

(ii) Median 

(i) Geometric mean 
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In this chapter, we study only mean, median and mode. 
16.2 Mean (Arithmetic Mean) 


| 
MEAN OF RAW DATA | 


го calculate the mean of raw data, the observations are added and their sum is | 
divided by the number of observations. Thus, the arithmetic mean (i.e. mean) of n | 


i | 
observations x1, Xs, Xs, . . ., X, is | 
ISE a xg... ex : s | 
Ioue A gut SE and is denoted by x. | 
| 
2 А 
e X1 > e HX 1 | 
{бы ме ee. 1F xa + meals i | 
n n 


The symbol ase is the capital letter ‘capital sigma’ of the Greek alphabet and is. 
used in mathematics to denote summation. 


Example 1: In an examin 
16 marks out of 20 marks, 


ation, 10 students obtained 5, 7:8; 11;.13,.9,.12, 14, 15, 
Find the mean, 


Solution: Number of students (n) = 10 
10 
Sum of marks obtained (Xx ) = 5474-8+1141349-+12+14415-416 
f=1 =110 
Ss Mean (x) — Tx = E = 11 marks 


Example 2; Maximum’ temperatures in Celcius for 7 days of a week in the month 
of May are as follows : 


40.1*, 39.3°, 39.5°, 39175, 40°, 40.2°, 39.1? 
Find the mean maximum temperature. 
Solution : 


i 
— 40.1 +39.3 + 39.5 + 39.7 4 40 + 40.2 + 39:1 
7 
271.9 


7 = 39.7° Celcius 


d ee umm 
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MEAN OF UNGROUPED DATA 


In case of a discrete frequency distribution (x,, fi), i = 1, 2, ..., n where f;is the 
frequency of the variable value x,, variable values are multiplied by their frequencies 
and their sum (i.e. sum of the products) is divided by the sum of the frequencies to 
obtain the mean. That is: 


* Тох 
a Ai SER xe аниа ла Е 
M a= ЫЛЕ ve E п 
Si 
i=l 


. Formula 1: x = 


Example 3: The following data represents the earnings of 50 labourers in a 
factory: 


Number of labourers 


Calculate the average earnings Of a labourer. 
Solution : 


Earnings (x) Number of labourers (f) fx 
450 12 5400 
475 13 6175 
500 1 3500 
525 10 5250 
550 8 4400 


5 
>л = 50 A х, = 24725 
i i=1 
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a z= p, 2425 
Average earnings 5 Бас 5—50 
Ул 
i=1 
= Rs 494.50 


SHORT CUT METHOD FOR FINDING MEAN OF UNGROUPED DATA 
It may be noted that if the values of x and/or f are large 
formula 1 is quite time consuming and tedious. 
great extent by taking the deviations of the 
(called assumed mean), as explained below: 
Let d, = deviation of x, from 'q’ 
—x,—a 


See Sian 
i=l i=1 
2,54 x S 


, calculation of the mean by 
The computations are reduced ока 
given values from any arbitrary point ‘a 
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м 
ll 

a 

ES 
| 


. where d= 


Formula 2: x =a + d, where d = — 
i=1 
It may be noted that d is the mean of deviations. 


Note: Any number can serve the purpose of the arbitrary point ‘a’ but, usually, a 
value of x somewhere in the middle part of the distribution will be much more 
convenient. 


Example 4: Using a convenient assumed mean (the short cut method), find the 
mean of the following frequency distribution : 
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Solution: Let assumed mean (a) be 65. 


x f d = (х — а) Ја 
pa———————— ————MMM ЕЕЕ 
50 eu —15 — 465 
53 35 =12 —420 
51 47 —8 —316 
61 25 =4 —100 
63 26 —2 2552 
65 48 0 0 
69 51 4 204 
71 63 6 378 
74 41 9 369 
79 33 14 462 
400 —1413 + 1413 = 
Using formula 2, we have A 
x=a+d 
10 
Ума 
i=l 
=a cin 
У; 
і=1 
0 
пао 
= 65 


Моје: Най the problem been solved by the first method, tedious calculations like 
50 x 31, 53 x 35, 57 x 47, 61 x 25, 63 x 26, 65 x 48, 69 x 51, 71 X63, 


74 X 41,79 х 33 would have to be done. That is why short cut method is 
preferred in such questions, 


PROPERTIES OF ARITHMETIC MEAN 
Property 1: Algebraic sum of the d 


eviations of a set of values from their 
arithmetic mean is zero. That is, if (x,, f.) 


E UD 25 7 i8 the frequency distri- 


bution, then > fı (x, — 5) = 0,7 being the mean of the distribution. 
i=l 
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Proof: * fi (к = (= К (fixi — fX) 
SEE 


i=1 
n n 


\ 
м 
z^ 
—^ 
^^ 
мі 
ہی‎ 
1 
>! 
м 
= 


=0 


. , p) аге means of p frequency distributions with 
. , np, then the mean x of the composite distribution 
obtained on combining the component distributions is given by formula 
- т ++ ng Xs +... e np Xp 

n + п +... n 


We justify the truthfulness of this property with the help of the following 
example: 


Property 2: If x, (i = 1, 2,.. 
respective total frequencies 75, лз, 


Example 5: The mean of the marks secured by 25 students of Section A of 
Class X is 47, that of 35 students of Section B is 51 and that of 30 students of Section 
С іѕ 53. Find the mean of the marks secured by 90 students of Class X. 

Solution : Mean of marks of 25 (= m) students of Section A = 47 (= Xi) 

Total marks obtained by 25 students of Section A 
= т ۴1 = 25 X 47 = 1175 
Mean of marks of 35 (= nz) students of Section В = 51 (= х3) 
Total marks obtained by 35 students of Section B 
= ng Xe = 35 X 51 = 1785 
Mean of marks of 30 (—75) students of Section C = 53 (===) 
Total marks obtained by 30 students of Section C 
= ng Ўз = 30 x 53 = 1590 
-. Total marks obtained by 90 students of Class X 
= n + na Fa + пз ¥3 = 1175 + 1785 + 1590 
= 4550 
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«.- Mean of marks obtained by 90 (= n, + n, + пз) students 
т х1 + ne Хз + пз Fg 
п + n + ng 
4550 
~~90 
= 50.56 (approximately) 
Example 6: The average score of 
and that of boys 15-71. The average 
Find the percentage of girls and boys in Class X of the school. 
j Solution: Let m be the number of 
Average score of girls (= x,) = 73 
Average score of boys (= х,) = 71 
Average score of students of Class X (= х) = 718 
= nı Xi + Mo Xe 
We know that x = SRST 
74.8 = X 73 nx 


girls in Class X examination in a school is 73 


girls and п, be the number of boys. 


п + na 
(71.8)( + me) = 73m + 71n, 


ie. 8n, = 1.27, 
P Mee. 2а 
162 n 3 


Percentage of girls in Class X — 2 X 100 = 40% 


and percentage of boys in Class X = i X 100 = 60% 


^ 


Exercises 16.1 


1. The marks obtained by 10 students are T 
22, 35, 37, 38, 26, 27, 34, 36, 28, 34 
Find the mean of marks, 


2. Find the mean of the following frequency distribution : 


score in Class X examination in that school is 71.8. І 
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3. From the following table, find the mean of the weekly wages : 


Weekly wages (in rupees) 45 50 55 60 65 70 75 
Number of employees 12 13 14 13 12 11 5 
4. Find the mean of the following marks obtained by students of a Class: 


15 20 25 30 35 40 
6 ji 12 14 15 6 


5. The mean height of 10 students is 153 cm. It is discovered later on that while 
calculating the mean the reading 151 cm was wrongly read as 141 ст. Find. 
the correct mean. 

6. The mean monthly wage ofa group of 11 persons is Rs 1450. One member 
of the group, whose monthly wage is Rs 1500, left the group, Find the average 
monthly wage of the remaining 10 members of the group. 

7. The mean of weights of the 25 students of Section A of a Class is 51 kg whereas. 
the mean of weights of 35 students of Section B of the same Class is 54 kg. 
Find the mean of the weights of all the 60 students of that Class. 

8. The mean monthly salary paid to 75 employees in a company is Rs 1420. The 
mean:salary of 25 of them is Rs 1350 and that of 30 othersis Rs 1425. What 
is the mean salary of the remaining ? "e 

9. The mean of 11 numbers is 23. If 5 is added in every number, find the new 
mean. 

10. The mean of 121 numbers is 59. 1f each number is multiplied by 4, what will 
be the new mean ? 


MEAN OF.GROUPED DATA 


In case of grouped data, the classes are replaced by their representative values which are 
the mid-values of the classes. Taking these mid-values as the variable values, the mean 
of the grouped data is calculated as in the case of the ungrouped data, 

The assumption that the frequency of a class is centred at the mid-point of the 
class may lead to loss of accuracy. Suppose, for example, we have four Scores 6, 7, 8 and 
9in a class 0-10. The total of these is 30. When we multiply the mid-value 5 of the 
class by its frequency 4, we get 20. Thus, we are losing 10 from the actual total score 
of the class and so accuracy is 1951. Usually the scores are scattered. in the class and 
the assumption that its frequency is centred at mid-point of the class leads to the 
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inaccuracy of the type as explained above. 


very large and therefore, the result obtained on the basis of the above assumption is 
approximately correct. 
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Anyhow, the inaccuracy is normally not 


If raw data is given and it is required to find their mean, we do not change the raw 
data to grouped data unless it is specifically asked. Converting raw data into grouped 
data makes the problem of finding mean computationally simpler but at the cost of 
accuracy. Mean of the ungrouped data is the most accurate one. 

Some examples are worked out below to illustrate the procedure: 


Example 1 : 


Income Group (in rupees) 


Find the average income from the following frequency distribution : 


Number of workers 


200— 300 13 
300— -400 11 
400— 500 15 
500— 600 16 
600— 700 18 
700— 800 13 
800— 900 14 
900—1000 10 
110 
Solution: Let the assumed mean ‘a’ be 600. 
Class Mid-value of а= x—600 Frequency f4 
class (x) f 
200— 300 250 — 350 13 — 4550 
300— 400 350 — 250 ll == 2750 
400— 500 450 — 150 15 — 2250 
500— 600 550 — 50 16 — 800 
600— 700 650 50 18 + 900 
700— 800 750 150 13 + 1950 
800— 900 850 250 14 + 3500 
900—1000 950 350 10 + 3500 
> f= 110 > fid, = —500 
А 500 
тт S (approximately ) 


By formula 2,  — 600 + 4 = 600 — 4.55 
Average income = 


In there case of grouped frequency distribution wit. 
of arithmetic mean is further simplified by taking 


d, 


xi—a 


h 


Rs 595.45 


Le, x, = aq + hd,, 


ith equal class widths, the computation 


M 
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where ‘a’ is the arbitrary point (called assumed mean), his the common magnitude 
of class intervals and x, is the mid-point of the i'^ class. Im this case, we have 


n 

ч > fixi 
22 
n 


x 


1 | = 


i=1 


X fi (a + hdi) 


i=l 


=a + hd 
Formula 3: ¥ = a + hd 


Example 2 : For the following frequency table, find the mean : 


Class Frequency 
20— 40 9 
40— 60 11 
P 60— 80 14 
80—100 6 
* 100—120 8 
120—140 15 
140—160 10 
160—180 20 
180—200 uM 


Eoo PE ET ERE 
100 
€ M 
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Solution : Let the assumed mean (а) be 110. In the present case, common width 
(A) of the classes is 20. 


Class Mid-value Frequency dies = " 0 fd 
(x) T Cf) 
xu —— C Er rea - A RU | 
20—40 30 9 —4 =se 
40—60 50 11 ==) —33 
60—80 70 і 14 =H —28 
80—100 90 6 =] —6 
100—120 110 8 0 0 
120—140 130 15 1 15 
140—160 150 10 2 20 
160—180 170 | 20 3 60 
180—200 190 7 4 28 
a eee or mU E ERR TER RR 
100 20 
— C— — o soror» Dt aA S. 0 ee 
Е 20. SUN 
опоо 3 


By formula 3, 


и 
| 
a 
F 
= 
Ail 


1 


110 + 20 х tai 


Example 3: Find the arithmetic mean of the following frequency distribution: 


OT 


Marks Number of students 
Below 10 12 
Below 20 22 
Below 30 35 
Below 40 50 
Below 50 70 
Below 60 86 
Below 70 97 
Below 80 104 
Below 90 109 
Below 100 


ااا 


ARITHMETICAL DESCRIPTORS OF STATISTICAL DATA 223 


‘ Solution : Rewriting the distribution in the form of grouped distribution with 
each class interval as 10 and taking assumed mean to be 55, we get the following table: 


Class Mid-value Number of students а= AX fd 
X (x) (f) 

n 0—10 5 12 —5 —60 
10—20 15 10 —4 —40 
20—30 25 13 c EET] 
30—40 35 15 = 2250 
40—50 45 20 E m 

50—60 55 16 0 i 
60—70 65 ll +1 11 
70—80 75 7 +2 14 
80—90 85 5 8 15 
90-0 95 6 44 24 
115 —125 

10 
> fia 
7 = 125 25 


By formula 3, 


м 


=s5+10x(- 3) 


g 250 

| = 55 = Room 

— 55 — 10.87 (approximately) 
44.13 (approximately) 
44.13 (approximately) 


yg 


Mean 


WEIGHTED ARITHMETIC MEAN 


ic mean attaches equal importance to all the observations, but there are situa- 
portance is not attached to all the observations. For example, for 
| admission to Medical Courses more importance is attached to Physics, Chemistry and 
Biology.as compared to languages. Similarly for admission to I.1.T.’s more weight- 
| age is attached to Mathematics, Physics and Chemistry 4 


Arithmet 
tions when same 1m 
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If x,( = 1,2,..., п) are n observations to which weights attached are 
w, (i= 1,2,..., n), then weighted mean is defined as: 
n 


> X, Wi 


Weighted mean (z,) = ©! 


n 
p Wi 
i=l 1 
Example 4: The following table gives the marks of a student in Class XII exami- 
nation and weights attached to each subject by the selection board of a professional 
college: 


Subject Weight Marks 
English 1 62 
Mathematics 3 83 
Physics : 3 79 
Chémistry 2 74 
Engineering Drawing 2 77 


Compare the mean with the weighted mean. 
62-83 + 79 + 74+ 77° 
5 = 


Solution : Mean = 


= 3B = 75 marks 
1х 62+3 х 83 +3 х 79 + 2 х 74 + 2 х 77 
11 
/ 62 + 249 + 237 + 148 + 154 


11 


Weighted mean 


850 
11 
= 77.3 marks (approximately) 
Weighted mean is more than the mean. 
Remarks : 
(a) If weight of each observation is same, Weighted mean is same as mean. 
(b) If weights attached to higher values are greater than those attached to smaller 
values, then weighted mean becomes more than the mean (as seen in Example 
4). 
(c) If weights attached to smaller values are greater than those attached to 
higher values, then weighted mean becomes less than the mean. 
For instance, if in Example 4 weight attached to English is 4, to Mathematics is 1 
to Physics is 1, to Chemistry is 2 and to Engineering Drawing is 1, then weighted А 
would be = 70.6 marks (approx.) which is less than the mean, 
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Exercises 16.2 


1. Compute the mean of the following distribution of marks obtained by 125 
students in statistics in an examination: 
Marks Number of students 


0—10 3 
10—20 4 
20—30 8 
30—40 10 
40—50 15 
50—60 35 
60—70 20 
10—80 16 
80—90 8 
90—100 6 


For the following frequency table, find the msan : 


2 
س‎ 
Monthly rent (in rupees) Number of families paying rent 
АБЕ 
800—1000 43 
1000—1200 57 
1200—1400 63 
1400—1600 52 
1600—1800 45 
1800—2000 37 
2000—2200 23 
3, Find the mean of the following distribution : 
Marks Frequency 
ee eee жа 
More than or equal to 80 0 
More than or equal to 75 4 
More than or equal to 70 11 
More than or equal to 65 22 
More than or equal to 60 37 
More than or equal to 55 45 


More than or equal to 50 50 
м 
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4. 


$. Following are the data of 


6. 
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Find the average income from the following data : 


Income (in rupees) 


More than or equal to 500 
More than or equal to 600 
More than or equal to 700 
More than or equal to 800 
More than or equal to 900 
More than or equal to 1000 
More than or equal to 1100 
More than or equal to 1200 


sation. Compute the average wage. 


Daily wages (in rupees) 


the daily wages of workersem 


Number of workers 


127 
120 
112 
105 
101 
95 
70 
57 


ployed by an organi- 


- Workers 
SSS < MMOUEGTS. 00 


12.50—17.50 

17.50—22.50 
22.50—27.50 
27.50—32.50 
32.50—37.50 
37.50—42.50 
42.50—47.50 
47.50— 52.50 
52.50—57.50 
57.50—62.50 


Find the average marks scored by students from the f. ollowing data : 
аас S ышы ЫА 


Marks 


Less than 
Less than 
Less than 
Less than 
Less than 
Less than 
Less than 
Less than 
Less than 


10 
20 


Less than 100 


Number of students 
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7. Thefollowing are the prices of certain im i 
f Я х portant commodities i 
family. The importance (weight) attached to each commodity а y 
is also indicated. Compare the mean price per kg with the weighted id 


price per kg. 
“тш TIME ea a M E nm 


Commodity Importance Pri 
ice К 
(Weight) гкан 
Rice 3 
Wheat 1 a an 
Oils 2 Rs 25.00 
Dals 1 Rs 7.25 


== MH 


DEMERITS OF ARITHMETIC MEAN 


Consider а small establishment where there are 7 employees : a supatvi 

tant and 5 labourers. The labourers draw Rs 325, Rs 330 Г Rs 335 dh HE iin 
respectively; the supervisor draws Rs 1500 and the accountant Rs 1100. анаи 
average Wage of employees шашады 


Log, 225-1 380+ 335 + юн: 345 + 1500 + 1100 


- Rs 425 
— Rs 610.70 (approx.) 


Clearly it does not give even an approximate estimate of any one of the em pl 
г employees, 


This drawback of arithmetic mean and the consequent mis-represz i 
results by the presence of a few extreme values іп the data motivates n. dps 
another measure which is unaffected by the few extreme items Sul i5 d 


Remarks : 
(a) Arithmetic mean possesses all the characteristics whi X 
aS IMS ich an " : 
location is expected to have. ideal measure о: 
(b) Arithmetic mean is very much affected by extreme values 
(с) Arithmetic mean cannot be obtained if a single observatio е 
ave А п ioci 
or is illegible. 15 missing or lost 
t i i aunot b Icul i 1 
(d) Arithmetic mean C e calculated if we are deali р 
ng with qualitati 
ative 


characteristics which cannot be measured quantitatively such as intell 
intelligence 
' 


beauty, Etc- 
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16.3 Median 
Mcéien cf 2 dictriLuticn is that value of the variable which divides it into two equal parts, 
T hat is, it is that value of the variable which is such that number of observations before 
itis equal to the number of observations after it. In other words, median is the value 
of the middle-most item. Median is, thus, a positional average. 
In the case of raw data or ungrouped data, after arranging the values of the 
variable in ascending or descending order of magnitude, the median is the middle value 
if the number of observations is odd, and if the tumber of observations is even, median 
is the arithmetic mean of the middle two terms. 
For example, the median of the values 12, 15, 19, 22,25is 19 and median of 
15, 13, 17, 14, 16, 10 i.e. of 10, 13, 14, 15, 16, 17 (after arranging in ascending order) 
5 14415 = 14.5. 
Example 1: The following goals are scored by a team in a series of 6 matches : 
1 2 5 3 4 0 

Find the median. 

Solution: The goals scored arranged in ascending order are : 
0 1 2 3 4 5 


There are 6 observations and there are two middle terms viz. Sth and ($4 m 
i.e. 3rd and 4th terms. 


The median — 


5215 


Example2: The weights (in kg) of 15 children are as follows : 
31, 35, 27, 29, 32, 43, 37, 41, 34, 28, 36, 44, 45, 42, 30 
Find the median. 
Solution : Arranging the weights (in kg) in descending order, we get 
45, 44, 43, 42, 41, 37, 36, 35, 34, 32, 31, 30, 29, 28, 27 


There are 15 Observations, Therefore, the middle-most item is B i th item, ie. 8th 


item. Its value is 35. 
`. Median is 35. 


2 E3 
2 


Example 3 : 
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Solution: We first compute the cumulative frequencies which will enable us to 
locate the middle item. à 


- ‘i Cumulative frequency 
Let مها سالد‎ омеа Боза» al oh داوع ما 5مف‎ atl 
5 6 6 
1 5 11 
9 3 14 
12 6 20 
14 5 25 
17 3 25 
19 2 30 
21 4 34 
V Сз Pe ӨСҮҮ” EC ЖЕЕ ылас ج‎ 


observations. So the median will ) 
There are 34 observati e median will be the average of Zz = Fh and 


18th observations. The value of 14th observation is 9. The valus " 
from 15th to 20th (which are 6 in number) is 12. lus of each observati on 
The value of 17th observation is 12 and same is the value of the 18th observation 
Median is 22? — 12 - 

Remarks: Suppose there are 11 candidates : A), i = 1, 2, ... T Р 
beauty contest. The contest is held in 6 phases. A candidate Wil еза part iz 
phase-tests is declared the beauty quéen. The observations of the vario d in all the 
are as follows : us phase-tests 

Аз and Аз are rejected in the I phase, 

As and A; are rejected in the II phase, 

Axo is rejected in the III phase, . 

Ag is rejected in the IV phase, 

Аз and Аз; are rejected in the V phase, 

A, and Ag are rejected in the VI phase, 

A, is declared the beauty queen. 


Arranging the candidates in ascending order of their beauty levels, we get 
AsAs, AsAz, Ао, As, А:Ап, AgAo, Ав 
learly beauty level of Аз сап be taken as the average level of bzauty. Obviously thi 
Jevel is the median as number of candidates above and below this level is equal viz s 
Notice that arithmetic mean cannot be obtained in this case. Thus, median isi the 2. S. 
measure to be used while dealing with qualitative data which canaot ba Si digg 
quantitatively but still can be arranged in ascending or descending order, casured 
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зама. item’ that majority of the 
tke statement ‘item A is the most popular item’ we mean that majori j 
pre buy item 4. The most popular item А is referred to as mode. Mode is that 
value of tke variable which occurs most frequently. In other words, mode is the. value 
of the variable which is mest predominent in the series. Thus, in the case of a discrete 
frequercy distribution, mode is the value of the variable corresponding to the maximum 
frequency. Р ^H 
Example: Find the mode of the following frequency distribution: 


Solution: Maximum frequency is 415. Observation corresponding to this is 


32. Therefore, mcde is 32”. Thus, the shopkeeper must place the biggest order for 
shirts of size 327 


Remarks : 


(а) Ifthe maximvm frequency is repeated or when the maximum frequency 
occurs in the very beginning or at the end of the distribution or if there are 
irtegularities in the distribution, the value of the mode is determined by other 
methods which are beyond the Scope of the present book. 


(b) Mode is the average used to find the ideal size in the manufacture of ready- 
made garments, Shoes, etc, ў 


(с) A frequency distribution (x, f), i = 125 


when the variable values equidistant from the 
і.е. 


.., П is said to be symmetrical 
mean (x) have equal frequencies 
when frequencies are symmetrically distributed about the mean. Thus for 
asymmetrical frequency distribution (x,, f),i = 1,2, . . ., n the frequencies 
of the variable (x — y) and Œ + y), which are at a distance y from x, áre 
same, 
For example, the following distribution is symmetrical about its mean X — 4. 
х: 1 2 3 4 5 6 7 - 
Jis 5 8 9 10 9 8 5 
It may te roted {Fat for a symmetrical distribution having a single mode 
Mean — Median — Mode 


A distribution which is not symmetrical is called asymmetrical distribution or 
skew distribution. Fora moderately asymmetrical distribution, 


Mode = 3 Median — 2 Mean 
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Exercises 16.3 


1. The points scored by a basket-ball team in a series of matches are as follows ; 
15, 3, 8, 10, 22, 5, 27, 11, 12, 19, 18, 21, 13, 14 

Find the median. 

2. The heights (in cm) of 15 students of Class X are : 

152, 147, 156, 149, 151, 159, 148, 160, 153, 154, 150, 143, 155, 157, 161 

Find the median. і 

3. Calculate the median ofthe following data relating to the selling price of er 
article in a sample of shops: 


5.10 


A drama was staged to raise funds forthe schoollibrary. in a random 
sample of 100 tickets sold, the following observations were made : 


3. 


Cost of ticket 
(in rupees) 


Number of tickets sold 


Tickets of which denomination were printed in the largest quantity ? 
6. Findthe mode for the following frequency table : 
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7. 


8. 


MATHEMATICS 


In a test given to 15 candidates, the following marks (out of 100) are awarded. 


Which average will be a good representative of the data and why ? Calculate 
it. Find two otber measures of location also. 


52, 26, 49, 56, 48, 53, 54, 56, 52, 59, 53, 56, 54, 57, 56 
‘Find mean, median and mode for the following frequency distribution: 


= 


ANSWERS 


Exercises 1.2 
6. Rs 1000 in Savings certificates and 


Maximise х 
Р = 50x + 15у Rs 11000 in National Savings 
subject to Bonds, Rs1180 
250x + 50y < 5000 7. First class tickets : 40 
x+y > 60 Economy class tickets : 160 
x>0,y20 Maximum profit : Rs 64000 
Minimise 8. There are several solutions. 
р A ИУ One of the solutions is : 
subject to Number of bracelets : 8 
2x -» Z2 8 Number of necklaces : 16 
x + 2y aU 9. Cord type telephones : 200 
x 20,2 Cordless telephones : 100 


Maximum value is 18 at (6,2) 
Maximum value is 382 at (10, 38) 
Minimum at (2, 3) and minimum 


10. Fertilizer type I : 100 kg 
Fertilizer type II : 80 kg 
Minimum cost : Rs 92 


value is 5. 
Exercises 2.1 
з. (0), (i), v 

(i) Yes s (0, ш) e 
(ii) No 4. (i) binomial 
(iii) Yes © (ii) binomial 
(iv) Yes ` (iii) trinomial 
o (iv) monomial 
(vi) Yes 
One ts == 7x? + 4x (у) monomia 
(i) — x + 5x8 — 8 + 2x (vi) binomial 
iii) yi — 69 + — By + 7 (vii) monomial 
EA зу уз کرد‎ У zi і 
(iv) у —» Л, с (viii) monomial 
Q) 7 Th т Xa (ix) trinomial 
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MATHEMATICS 
Exercises 2.2 
1. (042211505 5. (i) x + 10x + 24; 2 
(i) x 4x — 252 ii) y? + Syz + 622; 2 
(00 29° + 6y 33 ] (iii) х — 3x? + 3x — 1:3 
(i) 1223 + 12z;3 


(v) 2 + 22 +4z—1;3 
Gi) — y? + 4y + 17;2 


2. (i) 6? +232 


(i) x? + бх? + 10x 4-653 
TOERE) 


(vi) x4 --2хЗу + 2xtyt 4 2хуз yt :4 
Gi) 4x2 ; 2 (vii) &* -- x2 4.1 :4 
ad " d M. Le 3 а (viii) x3 4 y? +23 — 3xyz +3 
iv) yt — 4y® + 5y? — 6y = 4 А 
Зарна ; € Oxi 


4. Hy رع ج‎ 2 (i) уз + 9y* + 23y + 15 


Exercises 2.3 


1. x? — 3x +2;0 7. x; 29 — x +1 
i ie 18 NR ir 
Zee zie ax d 1;13 9. x5—3x!--933—271-L84x—252 ; 766 
5. +x +x +1;2 3x jv 
G х DE E 5 10: PELIS 
Exercises 2.4 
1. Щй —2 Gi) 0 3. (D0 ` Gi) — 12 
06 (iii) 0 
2. (20 (i) 6 
(ii) — 60 
Exercises 2.5 
1. Yes 2. Yes 3. No 4. No 
5. No 6. 1,—1 Us SN See ү, 
Exercises 2.6 
a Soa 710 — 4 (ii) 2 


(iit) 1, —1, — 3 
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Exercises 3.1 


1 (@(х—3)(х—4 
(ii) Qz — 3) Gz — 1) 
(iii) Polynomial cannot be factorised 
(iv) Polynomial cannot be factorised 
(0) («= De 42) 
(vi) (4х — 7у) (2x +») 
(vit) 3 x (x — 4) (2x + 3) 
(viii) (rx — p (px + 24) 
(ix) (рх — 34) (х + 4р) 


(х) wi Pesti 


(xi) Ix +2 + 4511V5-2—-» 


2. Yes, it is possible 
4. x + 4, x and x — 6 


(xi) [x —5— 3 V 3] c5 + 34/3] 
(xiii) (aby + c) (aby + с) 

(xiv) (x + 1) (x — 1) 

(xv) (22 + D (2 + 8) 

(xvi) (33 + 4y) ) +y) 

(хуй) (х + V3) (x А Зу) 5ye) 
(xviii) (x — 1) (x + D G^ + 6) 

(xix) (х" — 2) 67 + 1) 

(xx) 9^ + 2) 0" — 1) 


_ N65. 


4 


3. Yes, it is possible 
5. 2x2x +7,x— 2 


Exercises 3.2 


(i) (0, 05 y-axis is the ax 


1. 
a) 61, 2х = 
(ш) (1, D; x= 
(oy @,0;х= 2 is th 
2. (i) Point of minimum (— 


(ii) Point of maximum 
(iii) Point of maximum 


(iv) Point of minimum 


3, 3.5 seconds 
3 


yet 
nits 


5. Maximum for 50 u - 
‚ Rs 2500/- 


Maximum revenue 


is of symmetry 

— 1 is the axis of symmetry 

= 1 is the axis of symmetry 

e axis of symmetry. 

1, 4) ; axis of symmetry : x =— 1 
(—2, 8); axis of symmetry :x =— 2 
(0, 0) ; axis of symmetry : y-axis 

(3, —7) ; axis of symmetry : x = 3 


6. x = 5 doses 


8. x = 6 amps 
Maximum power : 720 watts 


9. (b) Rs 100 
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1 (603,5 
Gi) 1, — 5 
(iii) No solution 

uer DR 

(9) a> 3 

(») No solution 
2 0, – + 


2 
i $ 
cid -j -t 
(iv) — a, b 
@ 0, — € 57 
3. (0 $ 
ig = sv | 
3 
1: 2352 
#57 
2. 5 
Sz : А 
д; ase Al 
2 
А7278 
5. —LLIXA2 
34V 
6 T; 1, 5 


8 + 2 
9. 0 
10. —4 


Exercises 3.3 


MATHEMATICS 


4. ()4—4 


G)2v2,—-242 


Gi) — + 
(iv) 0 

1 

(у) — E 

5. (i) k<4 


(ii) 5 or — 1 


Exercises 3.4 


11, 3,—3 

Taa d 
iz cs 
3# 1 


14. 
15. 
17. 


18. 


Ic 
13 
3_ 
5 
16. 4 
10 
$ 
19. ¢ 


20. 


(ii) k = 4 
6. (л> Sora <—1 
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юзе H 


RON: 


= Exercises 3.5 


9, 11 and —9, —11 11. 4.3 km/hr 

20 + 10У 3,20 — 10У 3 12. 3 km/hr 

8, 9 and 10 13. Ashu : 5 years and Mrs. Veena : 25 
24 years 

P gre 14. Father : 36 years, Son: 9 years 
idm andom 15. 9 and 6. Also 9 and — 6 


16. 3cm and 9cm 


10 cm, 8 cm and 6 cm 
20 km/hr, 15 km/hr 17. Side of the larger square : 8 cm 
5m Side of the smaller square : 5cm 


a waynr 


(a 


Exercises 4.1 
Ctr 
(6 + a) (36 — ба + a°) 
а(а+ Dea) 
(ох + 5 у) (4x! — 10 xy + 253°) 
Qa-c4/1b)(9a4 —34/7ab + 75) 


(4 + УЗЕ ) (2-92 +зи) 


а b at) Тай” b 
(s) (3 vets) 
6x—-»0»x-— 10ху + 19 y*) 
(уз + 2) Ot — yz + 2) 
Gt 24) 05 yb - sy + #) 

(ys at 255 Gates EA) 
9 (a + b) (a? + ab + P). 
xO £9 0° = 9х7 + 81 х) 


Exercises 4.2 
— 2b) (а + 2а + 4b?) 


2 (а —2)(à + 2 + 4) 
(3—2) (9 + 6× + 4 
2)5 × —2)) (25 x2 + 10 xy + AY) 


MATHEMATICS 
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5. (V 5a—7) (5а + 7V۷ 5a + 49) 

6. (V3x— У 5y) Gxt + V7 15 ху + 5y) 
7. (a—2)(a + 2) (& — 2a + 4) (a? + 2 a + 4) 
8. (x—)G + y) G* —:ху + y?) G3 xy + y?) 
9. (Qx*—y)(Ax* +2x?y + y? 

10. (x? — b (x + xl y) 

11. ab (b — 2a) (b? + 2ba + 4a?) 


Exercises 4.3 
1. (i) (a — b + c) (a? + b? + cè + ab + be — ca) 
(ii) (a 25 508. 4b E256 + 225 + I0bc — sac) 
(iii) (2a- $7«) (404 е ab +з) 
(iv) Nae 8 саа м dioc Tab — V7 ac -- po) 
2. (i) ( + с) (7 bè — be + с) 
(ii) Pet DOS ttt в) ` 
(ii) (a+ 5с — 2) (a2 + 25c* + 4 + 2а + 10c — Sac) 
(iv) VETTIG e — 5 e 3 
۰ 4 (i) 3xyz (ü) бху (Ui) Gab 


Exercises 4.4 
1. (i). (a — 1) (a + 1) (a? + 1) 
(ii) Qa — 5b) Qa + sb) (даг +. 25b: 
(iii) ab: (b — а) (b + a) (0° + а?) 
(iv) са У) (х +) (x? + уз) (xt + ys) 
O GFAP + yh ut. у) 
0) Cth Gt + yh оё у 953) 
Qi) (x — узу) (x + V3y) (x? + 3y2) 


Exercises 4.5 


1. (i) x—3 2 2 = 
Gi) 2 (e + 2) ee 
(iii) x—4 ND 5х—1 
(i) x*— 6x +9 (iii) x: ~ 4x +3 
) 4(— 1)? 


Gy) 202 + 1) 


Qi) Lte rp] б) 244 
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3. 


oN 


мо ws 


Ce ON LOU e SX сы 


ay RM н 


G) 2 (xt—11x9+41x?—61x+30) 
(i) x —x*—x1 

(iii) 5л? — 15x + 10 

(iv) x3 — 12x? + 44x — 48 

(у) 4x3 — 36x? + 92x — 60 
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(vi) 2xt—2 
(vii) x5 + 2xíy — xy* — 2у5 
(ru)  x*—6x3y4-13x2y3— 12xy? -4y* 
(iX) 2x* — 18:3 + 42x? + 2x — 60 
(х) xt — 2x8 — 24x? — 5x + 30 


Exercises 5.1 


Rs 337.50 
Rs 750 
Rs 25 

Rs 2500 
Rs 2970 
Rs 2100 
Rs 320 
Rs 120 


Second is better 
Second is better 
Second is better. 
Investment = Rs 3660 
Rs 180 increase 


Rs 12500, Rs 8995 respectively 
Total iavestment 


— Rs 8460 
Rs 3000, Rs 6000 


Rs 162 

Rs 672 

Rs 7.50 

Rs 100 

Annual income : Rs 320 ; 5-7 
1500 shares, Rs 625 

Rs 20800 


Rs 26 

Rs 100 

Rs 105 (Increase) 
Rs 469.60 

Rs 740 

Rs 12000 

Rs 75000 

Rs 72 


Exercises 6.1 


40% per annum 
68 E ^5 per annum 
75% per annum 
47% per annum 
33 lo; per annum 


47% per annum 


7. 
8. 


9. 
10. 


11. 


30% per annum 

(i) ‘54.5% per annum 
(ii) 2496 per annum 
(iii) 41.7% per annum 
(v) 21.876 per annum 

Rs 20 

Rs 26 

Rs 130 
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MATHEMATICS. 


Exercises 6.2 


1st Instalment : Rs 1848 

2nd Instalment : Rs 1736 

3rd Instalment : Rs 1624 

4th Instalment : Rs 1512 

1st Instalment : Rs 3598 

2nd Instalment : Rs 3332 

3rd Instalment : Rs 3066 = 
Rs 1352 

Rs 486 

Ist Instalment = Rs 1450, interest = Rs 232 
2nd Instalment = Rs 1250, interest = Rs 432 
Principal = Rs 4550, interest = Rs 1930 
Sum borrowed = Rs 12610, interest = 
Rs 6000, interest = Rs 1200 

Rs 1900 А 


Cash price = Rs 6000 
Total interest — Rs 790 


Exercises 7.1 


2. 1st Instalment : Rs 2600 
2nd Instalment : Rs'2400 
3rd Instalment : Rs 2200 


Rs 1281.50 


4. Rs 463.05 
6. Rs 1458 
8. Rs1655 
13. Rs 2048 
15. Rs1450 


17. Cash price = Rs 800 
Total interest — Rs 260 


is Rs 1550 4 Interest : Rs 70.83 
May : Rs 1760 Balance : Rs 2870.83 
June :Rs 500 5. Rs 10132.08 
July: Rs 1500 6. 5.42, 1455.42 
+ 4 7. 51.25, 1451.25 
at Т 
е Particulars Withdrawals Deposits Balance 
Rs P Rs P Rs P 
1983 
August 1 
Sept. 2 ву cm 100.00 100.00 
Oc. 1 By cash 100.00 200.00 
Oc. 3 By interest : 100.00 300.00 
= 17 To cheque 200.00 ; [25 301.25 
Б 2 By cash 7 101.25 
£o LN By cash 100.00 201.25 
1984 100.00 301.25 
ы ү By cash 100.00 401.25 
; To cheque i «25 
Feb. 1 By cash 200.00 201.25 
Oct. І БУ Шеге шо e 25 
Rs 3043.75 13. 314.65 


10. Rs39.38; Rs 2739.38 
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1. Rs1472.80 Exercises 12 
2. Rs 5054.40, Rs 4004.50 cum 120 
3. RSM S ts 
A ® 
*& BW 


Exercises 8.1 


L Nil 5, Rs900 
T Rs 1400 & Rs 22650 
. Rs! 7. Rs 636 d 
4. Rs E 8. Rs 560 
xescises 8-2 
1. Rs 395.90 А. уйй 
2. Rs 56.75 5, BN 
3. Rs 1142.20 
Exercises 9.1 
1. () Yes | 5 (i) Ye (ii) Yes (ій) No 
(ii) Yes i (ivy Yes ( No 
(iii) No 6. x=6 
(iv) No, Corresponding angles are 10. 90cm 
not equal 11. 6cm 
2. АС = 18 cm, DE = 4 €? 3 
4. 8,11 17. 1:4 
Exercises 9.2 
i. (iii) 4 13m_ 
3. 12m à 5. 10/ 10m 
Exercises 10.1 
l (i) (a) 42^, 138° (b) 75° 
E uo 15, (i) 30 
Gi) 5 cm = Gi) 90° 
2 (ш) 10 cm or 3 cm (iii) 60° 
+ © sem (m) 90° 
(й) 2cm ©) 30° 


(il) 11 cm 
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MATHEMATICS 
Exercises 11.1 
Centre of the circle passing through the three given points. 
$ 
Sphere with centre О 
FIL CUSCO D a i ct AC 
and AC = 5 em 
(0) No. In this case AC + В 
(iii) AB = 8 cm and AC 


A- 
2, 
3. 
2 = 4cm, AB = 5cm 


C < AB 
~ 20m, AB —icmomà AC = 9 cm etc. 


Exercises 11.2 
1. Line parallel to the given lines Such that its distance from both the lines is 
the same. = 
2. Perpendicular bisector 


of BC, yes 
3. (i) Ifany side ofa qu 


angles at the remain; 
(i) If any side of the n- 


Exercises 13.1 
tan 6 12 cos 0 3 
an 0 = — == 
oy d 13 5. cot 0 = UDIN 
Я ge 20 У p-p’ 
а сс VR 
H "— p2 
ede 4 Sin 0 — E pa 
2 b 
18. re 
96 
р Exercises 13.2 
(i) 4 ў 
a] 2G) m 
а 0 у 
TS! E36 
(iii) P3 (iii) == 
( 5 тз 3. 9 
(у) 0 
(vi) 1 


NSW. RS 
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Exercises 13.3 


r 1 ES 
s о чулу] s o 13. 
; "Fate j 3 
Gi) 1 (09) E 
4 & G) 25 
(її) 12.48 
Exercises 14.1 
1. (0) .8746 . @ ww 
(Gi) .6018 (i) 23°40" 
(ii) 1.335 Gii) 47° 10" 
(v) .7679 (iv) 57° 50’ 
(у) .1334 (у) 63° 30’ 
(vi) .9997 (vi) 69° 20° 
(уй) .7116 (vi) 44° 26' (approx.) 
(viii) 2.424 (viii) 67° 47' (арргох.) 
Exercises 14.2 
1. 86.60m 2, 285.86m 
3. 30? 4. 71.62 ш 
5. 2.85m 6. 401.95 m 
7. 1732 т E 
8. 25m from one side of the road, h = 25 V 3m 
9. 3.66m 10. 7.04m 
11. 126.8 m 12. 204.8 m 
Exercises 15.1 
1. 3744 cm? HS 
2. 3234 cm, 3516 ст? 2 
3. Rs 27.97 7. 2250000 m* 
b 4. im 8. 8m,12m,16m 
\ 5. Rs 640 
| Exercises 15.2 
| 1 S. 6,8 m (approx) 
| еШ? 6 44m; 4620 m° 
2. 269 + cm? 7. 4m 
2 8. 1408 cm? ; 3850 ст? 
3. 2.096 kg 9 Rs7128; Rs 3300 
4, 404} cubic units 10. 787.5 cm 


242 


ьш юля 


12 
1. tan 8 = 1008 = Z 


MATHEMATICS 


Exercises 11.1 
Centre of the circle passing through the three given points. 


Sphere with centre O 
(i) AB = 7cm and AC 
` and AC = 5 cm 


(ii) No. In this case AC T BC < AB 
(iii) АВ = 8 cm and AC 


= 3 cm, AB = 6 cm and AC = 4 cm, AB = 5cm 


= 2 cm, AB = 1 cm and АС = 9 cm, etc. 


4 Exercises 11.2 

Line parallelto the given lines such that its distance from both the lines is 

the same. ў 

Perpendicular bisector of BC, yes 

(i) If any side of a quadrilateral formed by the four Points subtends equal 
angles at the remaining vertices, 


(ii) If any side of the n-sided polygon subtends equal angles at the remaining 
vertices. 


Exercises 11.3 
given circle as centre and 
given circle as centre and 


Circle with centre of the R+ ras radius 
Circle with centre of the 


R—r as radius, 


Exercises 13.1 


5: = P 
13 cot 0 Vgl; 
Коте. 0 с M 
Ж RT sing = VG р 
1 
TONO E 
5 152 05а 
4 169 ~~ b—a 
"UPC 96 
Exercises 13 
1. (i) 4 2 @) 1 
TEG? no e: 
(ii) 4 ii) Vazi 
AEE CVA 
Gir t (iii) чү з-ду 
3 
(ivy) 5 ! 3. 9 
0) 0 
(vi) 1 
(vii) 1 


4 NSW. RS 
Exercises 13.3 
5 1 < uw 
3. @ i(3- у €) SG = 
rE 3 ES 17 
= 6—42 217 
(ii) 62 i G) = 
6. (i) 25 
(ii) 12.48 
Exercises 14.1 
1. (i) .8746 2. (i) 14°30’ 
(i) .6018 (ii) 23°40' 
(11) 1.335 (ii) 47? 10’ 
(iv) .7679 (iv) 57° 50’ 
(у) .1334 (v) 63° 30’ 
(vi) .9997 (vi) 69° 20° 
(vii) .7116 (vii) 44° 26’ (approx.) 
(wii) 2.424 . (viii) 67° 47' (approx.) 
Exercises 14.2 
1. 86.60m 2. 285.86m 
3: 07305 4. 71.62 т 
5, 2.552 6. 401.95 т 
7. 1732 т 
8. 25m from one side of the road, h = 25 V 3m 
9. 3.66m 10. 7.04m 
11. 1268m 12. 204.8 m 
Exercises 15.1 
1. 3744 cm? o a 
2. 3234 cm’, 3516 cm? x com 
3. 7 27.97 7. 2250000 m* 
4. jm 8. 8m,12m,16 m 
5. Rs 640 
Exercises 15.2 
1. Rs110 5. 6.8 m (approx.) 
1 6. 44m ; 4620 m? 
2. 269 > cm? 7. A 
3. 2.096 kg 8. 1408 cm? ; 3850 cm? 
T "A = 9. Rs 7128 ; Rs 3300 
4. 404 4 cubic units 10. 787.5 ст 
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ола оын 


ьо мәт 


ль v ne 


ROME 


= 


25 cm 
198 cm* 
Rs 2464; Rs 4.40 
15cm 


. 13 ст, 5 cm 


594 kg 


7 cm 
103.62 cm? 


32 marks 

6.33 (approx.) 

Rs 58.31 (approx.) 
28.58 marks (approx) 
154 cm’ 


55.8 
Rs 1426.25 (approx.) 
64.4 

Rs 1069.68 (approx.) 


6.5 
Tickets of Rs 10 


MATHEMATICS 
Exercises 15.3 
38 
"b 9x 7m 
8. 61600 m3 
9. 20cm 
10. Rs29700 
Exercises 15.4 
6. 6(19) cm 
512 
36 cm 


e ou 


2l 181 P cm 


Exercises 16.1 


6. Rs 1445 
7. 852175 kg 
8. Rs 1500.00 
9:8 

10. 236 


Exercises 16.2 
5. Rs 38.80 
6. 52.87 (approx.) 
7: Mean = Rs 10.99 per kg 
Weighted mean = Rs 12.28 per kg 


Exercises 16.3 


6. 46 kg 

7. Mean ; Mean = 54.07 (арргох.) 
Median = 54 
Mode = 56 


8. Mean — Median — Mode — П 
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Degrees 


Appendix : VALUES OF TRIGONOMETRIC RATIOS 


nom 


Appendix : VALUES QF TRIGONOMETRIC RATIOS 
E pa "n 

Degrees sin | cos tan Degrees sin cos 
24°00 Tras 9135 ‚4452 30°00 ‚5000 8660 
10 ‚4094 .9124 .4487 10 .5025 .8646 
20 .4120 9112 4522 20 .5050 .8631 
30 4147 .9100 .4557 30 .5075 .8616 
40 4173 .9088 .4592 40 5100 .8601 
'50 4200 .9075 .4628 50 5125 .8587 
25*00 .4226 .9063 .4663 31°00 5150 8572 
10 .4253 .9051 .4699 10 5175 .8557 
20 4279 .9038 4734 20 -5200 .8542 
30 .4305 .9026 .4770 30 -5225 ‚8526 
40 .4331 .9013 .4806 40 .5250 .8511 
50 .4358 .9001 .4841 50 .5275 8496 
26°00 4384 ‚8988 .4877 32°00 5299 8480 
10 4410 8975 ‚4913 10 .5324 .8465 
20 .4436 .8962 .4950 20 .5348 8450 
30 4462 | 8949 | .4986 30 5373 8434 
40 4488 8936 | .5022 40 5398 8418 
50 4514 8923 .5059 50 .5422 .8403 
27°00' 4540 | .8910 | .5095 | 33°00 5446 8387 
4566 .8897 .5132 10 .5471 .8371 

20 .4592 .8884 .5169 20 .5495 .8355 
30 .4617 .8870 .5206 30 .5519 8339 
40 .4643 .8857 .5243 40 .5544 8323 
50 .4669 .8843 .5280 50 5568 8307 
28°00 4695 8829 :5317 34°00 5592 8290 
10 4720 8816 .5354 “10 .5616 .8274 
20 4746 8802 | .5392 20 5640 | 8258 
30 4772 | 8788 | .5430 30 .5664 | .8241 
40 .4797 .8774 .5467 40 .5688 .8225 
50 4823 8760 5505 50 5712 | 8208 
29°00' 4848 .8746 .5543 35°00' 5736 8192 
10 .4874 .8732 .5581 10 5760 8175 

? 20 4899 ‚ .8718 5619 20 5783 8158 
30 4924 .8704 .5658 30 .5807 8141 

- 40 .4950 .8689 .5696 40 .5831 8124 
50 .4975 .8615 ‚3135 50 _5854 8107 
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реге 


Кек 


| Degrees 


105 
Appendix : VALUES OF TRIGONOMETRIC RAT 


XAR. ел 
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Appendix : VALUES OF TRIGONOMETRIC RATIOS 


"T - 3 3 
Degrees sin Т cos | tan Degrees Sin cos lan 
60^00 .8660 -5000 1.732 66°00" 9135 4067 | Т 
10 .8675 .4975 1.744 
20 | 3689 .4950 1.756 
30 .8704 .4924 1.767 
40 8718 -4899 1.780 
30. |, 8739 :4874 1.792 
61°00 .8746 -4848 1.804 . 
10 .8760 |. .4823 1.816 
20 .8774 4797 1.829 
30 .8788 44772 1.842 
40 .8802 .4746 1.855 
50 8816 .4720 1.868 
62°00 .8829 .4695 1.881 
10 .8843 4669 1.894 
20 .8857 .4643 1.907 
30 .8870 -4617 1.921 
40 8884 .4592 1.935 
50 8897 -4566 1.949 
63°00' .8910 4540 1.963 
10 .8923 4514 1.977 
20 .8936 .4488 1.991 
30 .8949 .4462 2.006 
40 .8962 .4436 2.020 
50 .8975 .4410 2.035 
64°00 .8988 .4384 2.050 
10 .9001 .4358 2.066 
20 .9013 .4331 2.081 
30 -9026 ‚4305 2.097 
40 .9038 ‚4279 2.112 
50 -9051 4253 2.128 
65°00 .9063 .4226 2.145 
10 | 9075 .4200 2.161 И 
20 9088 4173 2.177 
30 9100 4147 2.194 
40 9112 4120 2.211 
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Degrees sin cos tan ‘ 
=l + 

-9781 2079 4.705 
.9787 .2051 4.773 
.9793 .2022 4.843 
.9799 1994 4.915 
.9805 1965 4.989 
.9811 1937 5.066 
.9816 1908 5.145 
.9822 .1880 5.226 
.9827 .1851 5.309 
.9833 1822 5.396 | 
.9838 1794 5.485 
.9843 1765 5.576 
.9848 1736 5.671 
.9853 1708 5:169 
.9858 1679 SRI O 
-9863 1650 3.976 | 
-9868 1622 6.084 
-9872 1593 6.197 
-9877 1564 6.314 
-9881 1536 6.435 | 
.9886 1507 6.56] 
-9890 1478 6.69] 
.9894 1449 6.827 
9899 142\ 6.968 
-9903 1392 7.115 
.9907 1363 7.269 
9911 1334 7.429 
9914 1305 7.596 
.9918 1276 7.110 
9922 1248 7.953 
.9925 1219 8.144 

10 .9929 1190 8.345 

p. % 1 1161 8.556 
993! 1132 і 

40 “9939 8.777 


| 
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Appendix: VALUES OF TRIGONOMETRIC RATIOS | 
cc T——— 
Degrees sin cos 
84°00' 9945 1045 
10 9948 -1016 
20 9951 .0987 
30 9954 -0958 
40 9957 0929 
50 9959 .0901 
85°00 9962 0872 
10 9964 0843 
20 9967 | .0814 
30 9969 | 0785 
40 9971 1 .0756 
50 9974 .0727 
86°00 9976 .0698 
10 9978 .0659 
20 9980 -0640 
30 9981 -0610 
40 9983 .0581 
50 9985 .0552 
— I | — 
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